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ABSTRACT 
Effects of Non-Maxwellian Auroral Source Electrons
by
Eric E. D ors 
University of New Hampshire, September, 1998
The auroral current density-voltage and energy flux density-voltage relationships are derived 
under the assumption that magnetospheric electrons above the auroral acceleration region are de­
scribed by the k distribution function. To illustrate the effects o f this boundary condition on auroral 
precipitation, a two dimensional model of auroral electrodynamics similar to that o f Lyons [1980] 
has been developed by imposing current continuity in the auroral zone. The current carried by pre­
cipitating magnetospheric electrons inside auroral arcs connects to return current regions at the arc 
edges via ionospheric Pedersen currents. A key feature is the ability to parameterize the magne­
tospheric boundary electron population as either a k or Maxwellian distribution. C lear differences 
emerge between these two distributions. The k distribution results predict up to double the peak 
auroral energy flux and as much as a 20-30% increase in the latitudinal width of the auroral energy 
flux as compared to the Maxwellian fit results. The width and intensity of the inverted V structures 
in the model results are found to be closely related to the level of thermal energy flux outside the 
inverted V.
xi
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“ The satellite is a natural extension o f  rockets,
which are natural extensions o f  planes and balloons,
which are natural extensions o f  man’s climbing trees and mountains
in order to get up higher and thus have a better view.”
James Van Allen 
Time, 4 May 1959
Chapter 1
Introduction
For millenia people have contemplated the mysteries of the aurora. Recorded observations date 
back to circa 2000 B.C.. However, it was not until the 18th Century that progress towards a  scientific 
understanding of aurora was made. In 1733, de Mairan noted correlations between the occurrence 
of aurora and sunspot activity. In 1741, Celsius and Hiorter noted an association between auroral 
and magnetic activity. In 1777, Wilcke observed that the vertical structure of aurora displays is 
parallel to the Earth’s magnetic field. By the end of the Century, both Cavendish and Dalton had 
used triangulation techniques to estimate the altitude o f auroral displays.
Large scale scientific expeditions around the globe took place throughout the W H Century. This 
exploration spawned the first measurements of the spatial dependence of auroral activity. In 1860, 
Loomis published the first map of auroral occurrence frequencies. In 1881, Fritz noted that the 
center of these occurrence maps was neither the geographic nor the magnetic pole. Perhaps the 
most pivotal discovery of the century was made by Angstrom who in 1866-1867 noted that auroral 
light was made o f spectral lines, much like luminous gases. Although he was not able to  identify
1
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the gas which was the source these spectra, his findings provided evidence against many auroral 
theories which claimed glowing hot particles produced the auroral light.
The beginning of the 20th Century saw an explosion in scientific advance, study o f the aurora 
was no exception. Kristian Birkeland used magnetometer measurements to link the aurora with 
large scale currents which flow in the upper atmosphere. Soon after, Carl Stormer calculated the 
trajectories o f charged particles of assumed solar origin in the Earth’s magnetic field. The develop­
ment of radio spawned study of the aurora in other parts of the electro-magnetic spectrum. And, the 
birth of plasma physics in the 1920s eventually lead to the prediction of the magnetosphere and the 
solar wind in the 1950s. Theories of the aurora which included the bombardment of the atmosphere 
by charged particles gained acceptance, however, there were no in situ measurements to verify these 
theories until the International Geophysical Year of 1958-1959. [Eather, 1980]
By the end of the I960’s, in situ measurements o f Aurora became commonplace. Earnest efforts 
to understand the details o f solar-terrestrial coupling have continued to the present day. Although 
significant progiess has been made, there is a long way yet to go.
The goals of this dissertation are limited to exploring the coupling between the magnetosphere 
and the ionosphere. This introductory chapter puts these goals in context. Chapter 2 gives a review 
auroral research up to the present day, concentrating on those topics most closely related to the goals 
o f this dissertation. In the magnetospheric circuit, like any other circuit, the relationship between 
voltage and current is paramount, so a theory of the current-voltage relationship o f the auroral 
acceleration region will be presented in Chapter 3. In Chapter 4 a predictive model of auroral 
electrodynamics is derived by imposing current continuity on auroral magnetic field lines. Finally, 
Chapter 5 gives some concluding remarks and briefly discusses a few suggestions for future study.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
1.1 The Solar-Terrestrial Environment
The giant nuclear furnace at the center of our solar system, which we call the Sun, radiates energy at 
a r a te o f3 .9 x  l0 26J - s _ l . This is by far the largest source of energy input to the Earth. The hot solar 
atmosphere continuously boils off a low density, fully ionized, weakly interacting, quasi-neutral 
plasma called the “solar wind”. The solar wind plasma is primarily composed of electrons and 
protons which travel at supersonic speeds on their way past Earth orbit. The interplanetary magnetic 
field is embedded in the solar wind. Parallel to the magnetic field, the conductivity is very high and 
the plasma readily mixes. Perpendicular to the magnetic field, the conductivity is vanishingly small 
and the magnetic field convects along with plasma. The magnetic field is said to be “ffozen-in” the 
plasma. The solar w ind’s kinetic energy flux at 1 AU is approximately 1.7 x lO ^Js-1 . Although this 
is more than 6 orders o f magnitude smaller than the radiative energy flux, it still has very important 
effects on the terrestrial environment.
The Earth’s magnetosphere is the region of space within which the dominant source of the mag­
netic field is internally generated. As the solar wind approaches the Earth, it must flow past this 
obstacle. The dynamic pressure of the flow deforms the magnetosphere into a teardrop shape. A 
cross-section of the magnetosphere is depicted in the Figure 1.1. In the Figure, the antisunward 
solar wind flow is from left to right. The round bottom of the teardrop is located on the left. The 
tip of the teardrop has been omitted, because at this scale it would be located beyond the right hand 
side of the figure. Fluctuations in the Solar Wind parameters (pressure, magnetic field, flow direc­
tion) will cause corresponding fluctuations in the size and shape of the magnetosphere. Upstream 
of the magnetosphere, a shock wave, labeled “bow shock”, is formed where the incoming solar 
wind plasma is compressed and slowed to subsonic speeds before being deflected around the mag-
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
4Figure 1-1: Schematic view of the Earth’s Magnetosphere (J. Roederer).
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5netosphere. The region of subsonic flow between the bow shock and the magnetosphere is called 
the “magnetosheath”. The magnetic field jumps in magnitude across the bow shock because o f the 
plasma compression, furthermore, it is rotated by currents which flow in the bow shock. These 
currents form as a result of the frozen-in flux condition being valid for electrons but not for ions 
traversing the bow shock region. In the magnetosheath proper the frozen-in flux condition is again 
satisfied by the ions. Similarly in the magnetosphere, the Earth’s magnetic field is frozen-in to the 
magnetospheric plasma.
At first glance, it appears that the frozen-in flux condition applied to the closed terrestrial 
dipole magnetic field would prevent the magnetosheath plasma from mixing with the magneto­
sphere plasma, however, conditions often arise where the frozen-in flux condition breaks down at 
the magnetopause boundary, allowing the different plasmas to mix. When the magnetosheath mag­
netic field is antiparallel to the terrestrial magnetic field at some point on the magnetopause, the 
terrestrial magnetic field can break open and reconnect to the magnetosheath magnetic field. Thus, 
magnetosheath and magnetosphere plasmas mix. When this happens, the magnetosphere is said to 
be “open”. As the solar wind plasma flows antisunward, it drags these open field lines and the at­
tached plasma along. Once the open field line has stretched to the far magnetotail, the frozen-in flux 
condition will break down again, the terrestrial magnetic field line breaks from the interplanetary 
magnetic field (IMF), and it reconnects both ends to the Earth. The newly reconnected field line will 
convect back around the flanks of the Earth to its original position. This field line motion causes 
magnetospheric convection cells to form, like the eddies behind a  rock in a stream. In the Earth’s 
reference frame electric fields form due to the relative motion o f  the magnetic field lines. These 
electric fields in turn drive large scale current systems through out the magnetosphere.
These currents include the Chapman-Ferraro Current which flows through the magnetosheath,
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Figure 1-2: Plot of the statistical location of the Region 1 and Region 2 currents. From lijima and 
Potemra [1978],
the Tail Current which flows through the equatorial magnetotail, the Partial Ring Current-Birkeland 
Current system which takes the place o f the Tail Current close to the Earth, and the Ring Current 
which flows in a nearly circular circuit around the Earth at lower latitudes. The Birkeland Currents, 
currents which flow parallel to the magnetic field, are of particular interest to this dissertation.
Birkeland currents have been studied in detail for many years. lijima and Potemra [1978] used 
results from the Triad satellite to make a  map of their statistical location at the ionosphere. This 
map is shown for the northern hemisphere in Figure 1-2. The left half of the figure corresponds to 
quiet times \AL\ < IOOy and the right ha lf corresponds to active times \AL\ > 100y. The direction 
of current flow is depicted by color, black regions for current flowing into the ionosphere and gray 
regions for current flowing out of the ionosphere. Historically, the Birkeland Currents have been
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
7given put in two categories, the poleward annulus is referred to as the “Region 1” currents and the 
equatorward annulus is referred to as the “Region 2” currents. It is important to notice that the sense 
of the Region 1 and Region2 currents changes near the noon-midnight plane.
The parallel current densities measured by lijima and Potemra [1978] were between 5 x 10~7 A - 
m~2 and 2 x 10-6 A -m -2 . To put these numbers in context, consider the ionosphere’s ability to sink 
and source current. Assume for the moment that the ionosphere is in thermodynamic equilibrium, 
thus its velocity distribution is Maxwellian. The maximum current this plasma could carry near 
equilibrium is bounded by the current carried by all the particles of a given charge sign which 
have positive velocity. This problem is analogous to the well known thermodynamic problem of 
effusion. The partial current o f a given particle species is given by Jmax =  n q(v) / 4, where n is 
density, q is charge, and (v), is the mean velocity of the current carriers. For typical ionospheric 
values the maximum current carried by protons is in the range 2.6 x 10~9 A -m -2  <  J„ua,p+ <  
2.6 x 10~7 A -m -2, by oxygen 6.5 x 10-8 A -m -2 < <  6.5 x  10-7 A -m ~ 2, and by electrons
1.1 x 10-5 A-m -2 <  Jmax.e' <  1.1 x 10-4 A -m -2 [Lyons, 1980]. A comparison o f these results 
with the lijima and Potemra [1978] results shows that the ionospheric electrons are easily capable 
of carrying the downward Birkeland Currents. However, the ionosphere falls well short o f providing 
the current carriers to carry the upward Birkeland currents. Magnetospheric electrons will also have 
difficulty carrying these upward Birkeland Currents, because the magnetic mirror force prevents 
these particles from completing the circuit to the ionosphere. As a result, electric fields parallel 
to the Earth’s magnetic field build up to accelerate ionospheric ions and magnetospheric electrons 
in the upward current regions. These accelerated particles can now carry the required currents. 
Magnetospheric electrons which are accelerated by these parallel electric field bombard the upper 
atmosphere and excite neutral atoms and molecules. It is the de-excitation o f  these atoms and
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
8molecules which cause beautiful auroral light displays.
1.2 Auroral Nomenclature
To facilitate the discussion of the aurora it is convenient to introduce some terms which will help 
to describe the locations of auroral phenomena in the near Earth environment. At low altitudes the 
collision rate between ionospheric plasma and the neutral atmosphere is rather high. In this region 
the physics of the ionospheric plasma is heavily influenced by drag coupling caused by collisions. 
Physical phenomena at these low latitudes are well described in geographic coordinates. At higher 
altitudes the effects o f collisions become smaller. Above approximately 200 km in altitude the rate 
o f collisions between atmospheric components becomes very small and plasma dynamics is strongly 
coupled to the Earth’s magnetic field. To first order the Earth’s magnetic field can be described as a 
dipole which is tilted 11° south and 71° east of the geographic north pole. It is useful to introduce the 
geomagnetic coordinate systems alternate to the geographic coordinate system to take advantage of 
the symmetry of the plasma dynamics in the magnetic coordinate system. Geomagnetic coordinates 
are defined such that l-axis is along the dipole axis, the y-axis points west, and the x-axis is picked 
to complete the right-hand coordinate system in a generally northward direction. Magnetic latitude 
and magnetic longitude are defined analogously to their geographic counterparts but with respect 
to the magnetic coordinate system. Magnetic local time is defined as the clock angle of a  location 
given a clock is centered on the magnetic north pole with the 12 o’clock direction pointing towards 
the Sun. Mcllwain [1966] defined yet another useful coordinate, the M cllwain-‘L’ parameter, it is 
the number of Earth radii from the center of the Earth that a given field line crosses the magnetic 
equator. This coordinate system provides a simple way of mapping plasma which is “frozen-in”
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
9to the dipolar terrestrial magnetic field. See Russell [1971], Hapgood [1991], and Kivelson and 
Russell [1995] for a more detailed look at other geophysical coordinate systems.
At higher altitudes, where the dipole field approximation begins to break down due to vari­
ous magnetospheric current systems and the IMF, the introduction o f other coordinate systems is 
common, but they will not be discussed in this dissertation.
With these basic definitions in hand a few o f  important auroral features can be defined. The 
auroral zone is a geographic region of the Earth where auroral activity is observed. The northern 
(southern) auroral zone is an annulus centered around the northern (southern) magnetic pole with its 
inner edge near ±80° magnetic latitude and its outer edge near ±60° magnetic latitude. Statistically, 
auroral activity is confined to the northern and southern auroral ovals. These ovals are also annuli 
centered on the magnetic poles, the difference is that the auroral ovals are defined in inertial space 
not in geographic space, and thus the Earth rotates around below them. The region located inside 
the auroral ovals are the polar caps.




The rayed alignment of auroral forms along Earth’s magnetic field was noted in early ground-based 
observations of the aurora. These observations along with an understanding o f the Lorentz force 
suggested a connection between precipitating charged particles and the aurora. Spectrographic stud­
ies measured Doppler-shifted Ha and Hp lines. Taken together these observations implied that at 
least some of those precipitating particles were protons. Direct measurement o f auroral precipita­
tion was not made until 1957-1958 as part of the International Geophysical Year (IGY) campaign. 
Mcltwain [1960] was the first to report results of IGY sounding rocket measurements inside active 
aurora. He reported on two separate rocket flights; one through faint aurora containing Hp emis­
sions and a second through a bright auroral arc. Both rockets returned measurements of energetic 
electrons, energetic protons, and visible light intensity between 80 km and 120 km in altitude. In 
the faint aurora, the precipitating particles were found to be 99.9% electrons and less than 0.1 % pro­
tons. The energy spectra of electrons and protons was found to be Maxwellian with temperatures o f 
5 keV and 30 keV respectively. The active aurora was composed of a nearly mono-energetic beam 
o f 6 keV electrons and contained even fewer protons than the faint aurora. It was estimated that the
10
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precipitating electrons caused more than 75% of the optical emissions. At the time, this was quite 
a surprise because there was no previous evidence that electrons played a  role in the aurora. M cll- 
wain concluded that the presence of mono-energetic electrons was consistent with acceleration by 
static electric fields. The idea of static or quasi-static electric fields parallel to the ambient magnetic 
field in a  plasm a caused controversy for many years. However, the evidence for these quasi-static 
electric fields mounted with time. Eventually it is shown that satisfying current continuity in the 
auroral zone is dependent on these parallel electric fields [Lyons, 1980].
Although the Mcllwain [1960] results were a landmark exploratory achievement, before long 
many other experiments were flown with far superior energy range and resolution to fill in the details 
of McIIwain’s findings. It later became clear that an understanding of the acceleration mechanism 
would require a very precise measurement of the accelerated particle population. Albert [1967] ad­
dressed this challenge with an electron spectrometer that employed an electrostatic lens to energy 
analyze particles, the first of many such detectors to be developed at Berkeley. He measured pre­
cipitating electrons from a sounding rocket launched near a  bright banded aurora, but the rocket did 
not appear to penetrate the bands. In his paper, Albert [1967] presented the differential electron flux 
measured at two altitudes, 175 km and 250 km, for pitch angle ranges 80° — 90° and 90° — 100°. 
His results are reproduced in Figure 2-1. The measurement at 175 km (left side of Figure 2-1) 
show that the incoming electron flux (a) is very nearly mono-energetic (the energy resolution o f  the 
measurement is 2%). The return flux (b) is shows a reduction in intensity and a broadening because 
of collisional effects experienced between the measurement location and the magnetic mirror point 
below. Albert noted that a particle with a 80° pitch angle at 175 km will m irror near 90 km and 
will therefore experience significant collisional effects, while a particle with a  83° pitch angle at 
175 km will mirror above 140 km and will experience far fewer collisions. He concludes that at-














Figure 2-1: Electron energy flux measured from sounding rocket near bright banded auroral forms. 
Each plot displays the flux as counts/keV sec versus energy in keV. To obtain transform the flux 
measurements into cgs units {(cm2 sec sr)- 1 } multiply by 104. The left half of the figure displays 
results at an altitude of 175 km and the right half of the figure represents results for 250 km. The 
plots marked (a) have been averaged over downward pitch angles between 80° and 90° and the 
plots marked (b) have been averaged over upward pitch angles between 90° and 100°. Note the 
scale change in the y-axis in left (b) plot. From Albert [1967],
mospheric collisions are sufficient to account for the observed reduction in flux and broadening of 
the up-going particle population. The measurements presented from 250 km (right side o f Figure
2-1) show fewer effects of collisions (broadening and reduction of intensity) because these parti­
cles have mirror points at a much higher altitudes where the atmospheric density is smaller. Albert 
[1967] did not present ion data, but parenthetically notes that preliminary analysis confirm the Mcll- 
wain [1960] results which showed that the measured ion fluxes are many orders of magnitude lower 
than the electron fluxes.
A very complete analysis of the mono-energetic nature o f  auroral electron precipitation was 
performed by [Evans, 1968]. Evans noted that during a 150 second portion of the flight the peak 
in the differential electron energy flux remained at approximately 3.8 keV. The differential electron 
energy flux measured during this time is displayed in Figure 2-2. The dots represent measurements 
which have been filtered using an 11-point running average. T he energy resolution o f the detector
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Figure 2-2: The relative intensity o f electrons measured versus electron energy. This plot demon­
strates the mono-energetic nature of precipitating electrons. The dots represent data from an elec­
trostatic energy-analyzed electron spectrometer with 20% energy resolution, the resolution is not 
used to modify the plotted points. The circled dots and connecting solid line represent the simulated 
response of the same detector to a mono-energetic beam of 3.8 keV electrons. From Evans [1968].
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has not been considered in plotting these points. The circled points connected by the solid line 
represent the simulated detector response to a 3.8 keV mono-eneigetic electron beam. Evans pointed 
out that the agreement between the data and the simulated curve below the peak energy is poor. 
This discrepancy is likely is a result of particles which have lost energy due to scattering with the 
neutral atmosphere. The agreement above the peak energy is quite good. His detector’s 20% energy 
resolution was barely able to differentiate the measured distribution function from the expected 
response to a mono-energetic beam. Evans stated that although the results are consistent with a 
100 eV thermal source plasma of being accelerated by a quasi-static 3.8 keV potential drop, but did 
not go so far as to say the measurements confirm the existence of a  parallel potential drop.
Sounding rockets have the ability to make very high spatial and temporal resolution measure­
ments because o f their relatively small horizontal velocity and high telemetry rates. They are lim­
ited, however, by the short duration of their flights. Satellite data, though often limited in its reso­
lution, helps to illuminate the global picture. Further insight into auroral precipitation was obtained 
by Frank and Ackerson [1971] through analysis o f data from the Injun 5 satellite. Injun 5 was lo­
cated in an orbit o f 83° inclination with an 2,528 km apogee altitude and a 677 km perigee altitude, 
thus it made frequent passes through the Earth’s auroral zone. They presented studies of electron 
precipitation in the late evening and late morning sectors. The measurements are made using an 
array of three electrostatic analyzing detectors capable of measuring the differential energy flux of 
electrons and protons with energies between 5 eV and 50 keV. A 117-point differential energy flux 
spectrum of protons and electrons was measured once every 2 seconds. With this large amount of 
data, analyzing one 10 minute auroral zone pass became a very difficult task. This motivated Frank 
and Ackerson [1971] to invent a new format to display the data called an energy-time spectrogram. 
In these plots the abscissa was used to denote spacecraft time, the ordinate for particle energy, and at
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each point in this space a color pixel was plotted representing the differential energy flux measured 
for that particle energy at that time. The information density of these plots far exceeded previous 
line-plotting methods, it became easier to identify spectral features in the particle energy flux.
Frank and Ackerson [19 7 11 noticed a persistent feature in these energy-time spectrograms, 
which they named an “inverted V” because its shape resembled an upside-down letter ‘V’. In other 
words, these features are characterized by a steady increase in the energy of peak differential en­
ergy flux to a peak followed by a steady decrease down to the background level. The inverted V 
structures they measured were typically about 200 km or 40 sec wide depending on whether they 
are interpreted as spatial or temporal structures. A clear spatial correlation between inverted V type 
electron precipitation and the production of auroral forms was noted by Gumett and Frank [1972], 
lending credence to the idea that the inverted V’s are spatial structures.
Evans [1974] created a model o f to explain the spectral features o f the auroral electron precip­
itation measured by in situ rockets and satellites. This model consists of a Maxwellian electron 
distribution being accelerated into the auroral ionosphere by a quasi-static electric potential drop. 
Evans used known scattering cross sections to determine electron spectrum below the parallel poten­
tial drop. Incoming electrons scatter, loose energy to the ionosphere, and become trapped between 
the imposed parallel potential drop above and the magnetic mirror below. He showed that his model 
electron energy spectrum made up of precipitating primaries, degraded primaries, and secondaries 
show reasonable agreement with the measured distributions of Frank and Ackerson [1971]. Be­
cause of its excellent agreement with particle measurements, this paper played an important role in 
answering reservations which some critic’s had regarding acceleration by static electric fields.
Frank and Gumett [1971] and Gumett and Frank [1973] reported on the relationship between 
electric fields and particle precipitation again using results from the Injun 5 satellite. The results pre­
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sented showed reversals in the convection electric field at high magnetic latitudes. The convection 
patterns typically showed anti-sunward plasma flow over the polar cap and sunward flow equator- 
ward of the reversal. These convection reversals usually occurred near or coincident with inverted 
V precipitation. Furthermore, they were found to occur near the E >  45 keV trapping boundary, 
that is, the pole-ward most field line on which 45 keV particles are able to execute bounce orbits 
between the north and south poles. They used the trapping boundary to approximate the location of 
the boundary between open and closed field lines.
Amoldy [1974] reviewed literature relevant to the determination of Birkeland (field-aligned) 
currents in the auroral ionosphere. He pointed out that electrons precipitating in the energy range 
which composes inverted V structures played a significant role in carrying Birkeland currents out of 
the auroral ionosphere. It was suggested that these Birkeland currents close to return current regions 
north and south of the auroral precipitation. The verification o f this suggestion has proved difficult, 
due in part to the fact that return currents were thought to be carried by very low energy electrons 
that were below the threshold of most electron spectrometers.
Evans [1975] provided an review of observations of auroral particle precipitation in which he 
suggested auroral acceleration primarily occurs is below 6,000 km altitude. This would require the 
presence of rather large electric fields because o f the small field aligned distance which is available 
to accelerate electrons to observations of 0 .1-10 keV parallel potential drops. This requirement 
suggests that stochastic acceleration mechanisms are unlikely because the individual acceleration 
events would likely put accelerate the particles into the loss cone before they could reach the ob­
served energies. He notes the lack of definitive direct measurements of parallel electric fields. How­
ever, a plethora of particle measurements have already been reported which were consistent with the 
existence o f parallel electric fields. Two categories of particle observations were presented which
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were consistent with low altitude acceleration processes. The first was a  group of observations 
which supported wave-particle resonances. These measurements characteristically showed rapid 
temporal variations in particle fluxes. The general lack o f dispersion in these measurements lead 
to the conclusion that the particles was consistent with accelerated near to the low altitude point of 
measurement. The second group o f  observations infer low altitude quasi-static electric fields. This 
group of measurements includes observations of quasi-monoenergetic peaks measured in precipitat­
ing particle populations at small pitch angles as mentioned above. The degree o f collimation seen in 
these measurements and the low limit placed on the perpendicular energy o f  unacceierated particles 
suggests that a high altitude acceleration mechanism is unlikely. Also included in this group o f  ob­
servations were peaks in the perpendicular electron distributions postulated to be trapped between 
the magnetic mirror in the ionosphere and a quasi-static potential in the magnetosphere.
Mcllwain [1975] reported on measurements of parallel beams of electrons seen at 11° magnetic 
latitude at geosyncronous orbit on ATS-6. These measurements appeared to be in conflict with the 
results of Evans [1975] discussed above. Mcllwain [1975] suggested that the measurements o f par­
allel fluxes of particles is very difficult at high altitude and this might be the cause for the lack o f 
observations. He explained that the major obstacle to successful measurement is high degree o f field 
alignment in the precipitating particles at high altitudes combined with relatively poor pitch angle 
resolution on spacecraft. The ATS-6 results showed that the electron fluxes could be constrained 
to pitch-angles less than 8°. Measurements by an instrument with poor angular resolution would 
average these highly collimated fluxes over the whole angular space viewed thereby reducing the re­
ported flux. Detectors with high angular resolution have a small probability to be looking in the field 
aligned direction unless the spacecraft is attitude magnetically aligned. As particles travel to lower 
altitudes, conservation of the first adiabatic invariant will cause their pitch-angles to open which
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presumably explains the wider angular distribution o f precipitation signatures measured there. By 
considering the mapping o f currents from ATS-6 altitudes down to the ionosphere and comparing 
those currents with in situ observations, Mcllwain [1975] asserted that these measurements o f par­
allel electron fluxes are part of the auroral zone Birkeland current system. This further suggested 
that the precipitating auroral electrons have their sources on closed field lines, because ATS-6 was 
located on closed field lines at the inner edge of the plasma sheet.
Mizera et al. [1976] echoed this idea after analysis of an inverted V structure from  the S3-3 
satellite and a DMSP dawn-dusk satellite. In their analysis they observed depletions in the field 
aligned and anti-field aligned fluxes of 28.5 keV electrons. This signature was consistent with 
electrons traveling on closed orbits that are caught in the magnetic bottle between the northern and 
southern hemispheres. They noted that they had only a small number o f events, but their data did 
suggest that auroral precipitation is located on closed field lines at least some of the time.
Kaufmann et al. [1976] evaluated the success o f steady state kinetic acceleration models at ex­
plaining rocket measurements of auroral precipitation. In their paper they represented auroral source 
electrons as an isotropic Maxwellian distribution and then calculated the effect of the magnetic mir­
ror force and one or more parallel potential drops on the source population in hopes o f reproducing 
distribution functions similar to measurements. It was also noted that when the source particles fall 
through a potential drop a sharp cutoff is introduced to the distribution function as all particles gain 
parallel energy proportional to the potential drop. Because the sharp cutoff was not seen in observa­
tions, the existence of a scattering mechanism which smoothed these discontinuities was suggested, 
in agreement with Evans [1974].
Lyons et al. [1979] used measurements of auroral electron precipitation from three separate 
rocket flights to empirically show that the observed current density is directly proportional to the
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parallel potential drop V as inferred from energetic electron spectra. The parallel energy flux was 
found to be proportional to V2. Lyons et al. [1979] explained that coupling of current and voltage 
in this manner suggests that enhancements in auroral precipitation are equally due to latitudinal 
modulation of the current density and parallel potential drop.
Lin and Hoffinan [1979] presented the results of a detailed statistical study o f 280 inverted V 
precipitation events using data from the Atmospheric Explorer D satellite. A few years later the 
same authors published a review article which expanded the statistical study to 430 inverted V  ob­
servations and provided a more in depth analysis of the relation of results to current theories [Lin 
and Hoffman, 1982]. Figure 2-3 shows the invariant latitude-local time locations of the inverted V 
events sampled. The authors discussed many interesting insights learned from this data set some 
of which will be noted here. Inverted V events are seen at all local times independent of the level 
of magnetospheric activity. The minimum invariant latitude of the observation ranges from 62° in 
the pre-midnight sector to 80° near local noon. The probability of seeing an inverted V at invariant 
latitudes above 80° was found to be constant. Inverted V events are found on both open and closed 
field lines, as determined by their magnetic field model, and cases were found on both sides o f the 
45 keV trapping boundary reference used by Frank and Ackerson [1971]. Mapping the observed 
events along a magnetospheric magnetic field model showed that they had particle sources in the 
plasma sheet and tail. Their average width was found to be <  0.5° with some measured as wide 
as 5°. Their longitudinal width was estimated to be >  15°, a fact which will be used in the elec­
trodynamics model presented later. Inverted V’s in the pre-midnight sector were found to be wider 
and more intense than inverted V’s in the post-midnight sector. The trademark mono-energetic peak 
seen in measurements of electrons precipitating in inverted V ’s was found to extend over all pitch- 
angles except for a ~  60° half-angle region in the upward traveling part o f the distribution called











Figure 2-3: Location of the 430 inverted V events from the statistical study presented in Lin and 
Hoffman [1982],
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the loss cone. The peak in the energy flux measured in the inverted V’s ranged from 1 to 10 keV. 
A linear relationship between the inferred parallel potential drop and the inferred source temper­
ature was seen, this relationship will have strong implications on determining the physics o f  the 
acceleration process. A more in depth discussion o f this will appear in the next section. Frequently 
observed fast fluctuations in the particle distributions below the mono-energetic peak often lead to 
the measurement of a second monoenergetic peak at lower energy, similar to double peaked spectra 
measured by A moldy [1974],
The absence of clearly defined measurements o f parallel electric fields has been noted by many 
authors. However, a lot of information can be extracted from measured particle distributions if  the 
time history of the particles measured can be traced back to some point where their distribution 
is known. Reiff et al. [1988] used the Dynamics Explorer spacecraft to learn about the auroral 
acceleration region by studying particles which have passed through it. The major advance o f this 
experiment was that there were two spacecraft, DE 1 in an 9000 x 15000 km altitude orbit and 
DE 2 in an 400 x 800 km altitude orbit, which bracketed the region of interest. Three methods 
were employed by this study to infer the parallel potential drop across the acceleration region, the 
energy location of the peak energy flux in the precipitating electrons below the acceleration region, 
the energy location of the peak energy flux in the up-flowing ions above the acceleration region, 
and the change in the angular size of the electron loss cone between DE 1 and DE 2. The two 
results obtained through the use o f the electron distribution functions were consistent with quasi­
static electric potential drops between the magnetosphere and the ionosphere in the range o f 1-10 
keV on average. The ion results are more difficult to interpret, they predicted potential drops 30- 
50% smaller than the electron results. Both the ions and to a smaller degree electrons showed 
signs of heating. It was suggested that ion heating resulted from two stream instabilities between
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hydrogen and oxygen. This conclusion was supported by the correlation seen between temperature 
and the velocity difference between the two species. As in the Lin and Hoffman [1982] results, a 
linear relationship was seen between total field aligned potential drop and the electron temperature. 
The location o f the acceleration region was constrained to be between the altitudes o f DE 1 and 
DE 2. Taken together this study provided valuable information for the to help constrain models the 
acceleration region.
2.2 Non-thermal Auroral Source Electrons
The spectral shape of precipitating electrons has thus far been referred to as mono-energetic and 
Maxwellian. To a high degree of accuracy this is often confirmed observationally. However, often 
in the measurement of space plasmas power law enhancements are seen in the high energy tail of 
the distribution function. Just how these suprathermal tails will modify the plasma physics of the 
auroral zone is an interesting, but still open question.
Rees [1963] reported calculations of the ionospheric ionization profiles and luminosity for three 
different prototype precipitating electron distributions; a mono-directional beam, a beam whose 
intensity varied as the cosine of the pitch angle, and an isotropic distribution. Precipitating electron 
spectra described by both exponential and power law energy dependence are explored. The energy 
of the precipitating particles is assumed to range between 0.4 to 300keV. The form of the energy 
dependence o f the precipitating electrons was found to have a significant effect on the ionization 
profile and luminosity, while the dependence on the angular structure of the precipitating particle is 
found to be much weaker. The precipitating power law distributions distribute energy over a  much 
larger altitude range than do exponential distributions of the same density and characteristic energy.
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In the previous sections it was proposed that auroral precipitation occurs on field lines which 
are connected to the plasma sheet. Vasyliunas [1968] reported on measurements from a Faraday 
Cup on the OGO 1 spacecraft in the plasma sheet. Upon inverting his current measurements into 
distribution function he notices that the tail o f the distribution function was enhanced with respect 
to a Maxwellian distribution. In order to better characterize his measurements he introduced a new 
distribution function:
where w is the most probable speed, n is the total number density, and k  is related to the kurtosis 
[Dorelli, 1998], A Maxwellian distribution can be obtained from this expression for the case of k  =  
°°. This new distribution, hereafter called the k distribution function, was able to better characterize 
his plasma sheet data. Although he was not able to put tight constraints on the values of k  which 
best fit the data, he measured values from as low as 2 up to The majority o f cases presented had 
K <  5.
More recent results from the differential energy flux particle analyzers on the ISEE 1 space­
craft by Christon et al. [ 1988] find that k  distribution functions provide superior characterization 
of plasma sheet ions and electrons in the energy range from 0.1 to 200 keV. The data presented in 
their paper displayed values of k  between 4.7 and 6.0. Christon et al. [1989] reported that the k  
distribution could be successfully used to represent ion and electron distributions from the central 
plasma sheet during geomagnetically undisturbed conditions. Later results Christon et al. [1991] 
showed that the k was not so successful at representing the more complicated spectra observed 
during geomagnetically disturbed times.
*,3* 3/2 * 3/ 2^ *  _  1)
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Schriver et al. [ 1998] reported on results from a model studying particle acceleration in the mag- 
netotail. They traced particles entering the magnetosphere through the mantle and tail lobe. Their 
results predicted the existence of suprathermal power-Iaw tails in the electron and ion distribution 
functions similar to the results o f Christon et al. [1989].
A study o f low energy electron data from the Hydra instrument on the Polar spacecraft by Dors 
and Kletzing [1998a] has seen sim ilar success when fitting tc distributions to electron data taken 
when Polar is magnetically connected to the plasma sheet. They typically find k  values ranging 
between 2 and 10.
Ko et al. [ 1996] used Ulysses data to study the deviation of solar wind plasma from a Maxwellian 
distribution through a study of the charge states it contains. Their results indicated a minimum value 
of k  =  5 for an acceptable fit the data while k =  10 provides the best fit. Results using data from 
the Ulysses electron plasma instrument by Maksimovic et al. [1997] showed that k values as low as 
2 provide an excellent representation o f the energy spectrum of solar wind electrons. Their results 
of 16,000 fits showed that the K  provided a better characterization of the electrons than did results 
from bi-Maxwellian fits.
Many authors have used the k  distribution to characterize the suprathermal nature o f space 
plasmas in theoretical treatments. Scudder [1992] used them in his velocity filtration model of 
heating the solar corona. Pierrard [1996] used K distributions to create a current voltage relationship 
similar to the one derived in the next chapter. The similarities and differences of Pierrard [ 1996] 
and the work of this dissertation will be discussed in more detail later. Pierrard and Lemaire [1996] 
used k  distributions to create a kinetic model of the polar wind.
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2.3 Auroral Acceleration Theory
The physics by which particles of magnetospheric origin are accelerated towards the Earth’s auroral 
regions is a matter o f some debate. Many theories propose quasi-static electric potential drops 
parallel to the Earth’s magnetic field. A number of theories by which parallel electric fields can be 
generated have been proposed. O f the various theories, potential double layers [Block, 1972], Alfven 
waves [Lysak, 1986; Goertz and Boswell, 1979], and a few kinetic approaches [Persson, 1963; 
Lennartsson, 1976; Chiu and Schultz, 1978; Chiu and Cornwall, 1980] survive as processes which 
most likely cause large scale regions of electron precipitation. Other theories such as anomalous 
resistivity [Papadopoulos and Coffey, 1974; Papadopoulos, 1977; Mozer, 1976] are thought to be 
less important for large scale structure but, likely add small scale structure to auroral precipitation. 
It is clear that a complete model of the auroral acceleration region involves more than any one of 
these microscopic phenomena. A few introductory remarks about each o f these theories is useful 
for the discussion o f the topics in this thesis.
2.3.1 Potential Double Layers
Potential double layers are small regions of density depletion which form in a current carrying 
plasma when the driving current exceeds some critical value thereby forcing the plasm a to deviate 
from quasi-neutrality in order to maintain current continuity. The resulting structure is a few Debye 
length thick sheath containing potential drops of order k&T(e, where k& is Boltzmann’s constant, T 
is the plasma temperature, and e is the electronic charge [Block, 1972]. The current carrying ability 
of a plasma is a function of plasma density. When the plasma has an embedded magnetic mirror field 
the plasma density becomes a function of distance along the mirror axis, thus the current threshold
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for formation of a double layer is also a function o f distance along the mirror field axis. This effect 
can increase the size of the double layer seen in the magnetosphere to be much larger than a  Debye 
length. The potential drops which form in the auroral zone are expected to be from several to tens 
of kilovolts depending on the strength of the current source. Although potential double layer theory 
seems to be able to explain auroral particle acceleration, how they form is still an open question.
2.3.2 Alfven Waves
As the solar wind and the Earth’s magnetosphere interact, electric fields are created to return the 
magnetosphere to a static configuration. Because of variabilities in the solar wind parameters (den­
sity, kinetic temperature, pressure, flow speed, etc.), the electric fields are constantly changing. 
Electric field impulses can launch Alfven waves towards the ionosphere to carry information about 
the reconfiguration of the magnetosphere. This system was studied in detail by Goertz and Boswell 
[1979], They showed that parallel electric fields exist in the wave front on the leading edge of the 
Alfven waves. Their calculations suggested that the transit time of these Alfven waves from the 
source point to the ionosphere is on the order of several minutes. W hile propagating, the parallel 
electric fields can accelerate electrons to energies up to several keV, as seen from observations. Go- 
ertz and Boswell [1979] associated the wave transit time with the duration of particle precipitation 
events and noted that these two time scales were in rough agreement. The currents density associ­
ated with these waves were predicted to be on the order of 1 /uA-m~2, more that what is required 
to meet the Birkeland current measurements by lijima and Potemra [1978]. Goertz and Boswell 
[1979] pointed out that the currents flowing inside the Alfven waves described by their theory are 
large enough to excite current driven instabilities, but they did not explore the effects. Lysak and 
Dum [1983] presented a two-fluid MHD model which included the effects o f wave instabilities as
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anomalous resistivity. He showed that the anomalous resistivity can modify the w ave’s propagation 
properties. Regions of strong turbulence were predicted to form electrostatic structures containing 
parallel electric fields. Particle acceleration inside these static structures can be treated using the ki­
netic treatments explained in the next section. Lysak later went on to refine this model by including 
the effects of a dipole magnetic field and a more realistic ionospheric response [Lysak, 1985, 1986].
2.3.3 Kinetic Treatment
Many insights into auroral electrodynamics have been provided through kinetic approaches. All 
of the kinetic models mentioned here neglect the effects o f  collisions. Thus, the calculation o f the 
auroral zone distribution function reduces to solving the Vlasov equation. This will be attacked 
in mathematical detail in the next chapter. For the purposes o f this chapter it will suffice to state 
the solution, the function which maps the the boundary particle distribution to the acceleration 
region is given by the single particle trajectories. More precisely, Liouville’s theorem states that the 
single particle distribution function is constant along the particle trajectories. Thus, the distribution 
of particles as a function of altitude in the auroral acceleration region is an analytic function o f 
distribution of particles at the boundaries o f this region. The particle trajectories are described by 
Newton’s equations. The relevant forces acting on the particles are the Lorentz force and gravity. 
The total force on the particles can be expressed as the gradient o f a potential, which will be called 
the effective potential.
Persson [1963] showed that the condition for vanishing parallel electric field in the presence o f 
a axisymmetric mirror field is that the distribution of the ions and electrons must be equivalent at all 
pitch angles. This theory illustrated how a collisionless plasm a can create small, spatially extended 
electric fields. A current is not required to support this potential, the plasma thermal energy supports
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the acceleration of auroral particles, however, the creation o f pitch angle anisotropies requires wave- 
particle interactions at mid-latitudes.
Using the kinetic prescription of populating the distribution function in the acceleration region, 
basic results of classical transport theory can be derived. Knight [1973] took the first step in this 
direction when he determined a relationship between the current flowing on a magnetic field line 
threading through the auroral magnetosphere to the parallel potential drop along that field line. 
The magnitude of the magnetic field is prescribed to smoothly decrease in magnitude with altitude 
and the potential is required to be monotonic along this field magnetic field line. Because of their 
higher mobility, Knight [1973] further assumed that electrons are the majority current carrier in the 
acceleration region. Using the mapping procedure outlined above, he calculated the distribution 
of particles in the acceleration region given a  Maxwellian distribution at the magnetospheric and 
ionospheric boundaries. He then calculated the current moment of that distribution as a function 
altitude yielding a current-voltage relationship which is now referred to as the “Knight Relation” .
Using a procedure similar to Knight [1973], Lundin and Sandahl [1978] calculated the relation­
ship between the energy flux carried by precipitating magnetospheric electrons, in the form of an 
accelerated Maxwellian, to the voltage drop between the magnetosphere and the ionosphere.
Whipple [1977] illustrates how detailed plasma diagnostics can be performed with knowledge 
of the particle distribution functions on the boundaries of the acceleration region. These diagnostics 
exploit the reversibility o f  the particle trajectories in the time-independent, collisionless limit. The 
particle distribution functions retain a “memory” o f their interaction with the effective potential. 
Two methods are outlined by which the potential distribution as a function of altitude in the accel­
eration region can be obtained through analysis of distribution function data as a function o f the 
constants of the motion, total energy and magnetic moment. For the first method, because space
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plasmas tend to be quasi-neutral on scale lengths larger than a Debye length, the electric potential 
profile can be obtained by mapping the boundary distribution functions through the acceleration 
under the condition that the net charge density is zero at all altitudes. For the second method, 
particles traveling from a given boundary through the effective potential of the auroral zone have 
energetically allowed and forbidden regions of phase space. This results in sharp discontinuities be­
tween different populations in the measured distribution functions which are connected to different 
boundaries to the system. The shape o f these discontinuities contains information about the electric 
potential distribution because the information of their location is carried by the particle trajecto­
ries. It is precisely these diagnostic techniques of Whipple [1977] which were used to obtain the 
experimental results of Reiffet al. [1988] described above.
Chiu and Schultz [1978] and Chiu and Cornwall [1980] attack the auroral acceleration region 
in a manner which extends the work o f Whipple [1977]. The ionospheric, magnetospheric, and 
trapped boundary conditions for ions and electrons are specified. The mapping function for each 
boundary is calculated by solving Newton’s equations in the acceleration region as described above 
with the Lorentz force acting on electrons, and the Lorentz force plus gravity acting on the more 
massive ions. The distribution of ions and electrons in the region is then calculated thus giving the 
charge density as a function of altitude. In Chiu and Schultz [1978] Poisson’s equation is solved 
by assuming the divergence of the electric field vanishes thus imposing strict charge neutrality 
throughout the acceleration region. That is, the electric potential solution as a function of altitude 
is the potential such that the net charge is zero everywhere. This type of simplification is very 
attractive given the difficulty of solving the Poisson equation exactly. This difficulty stems from 
the numerical instabilities introduced when calculating the source term (The fractional deviation 
from charge neutrality required to explain auroral acceleration is on the order o f IO-6  [Goertz and
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Boswell, 1979]). In Chiu and Cornwall [1980] this approximation is improved by including the 
perpendicular electric field divergence in Poisson’s equation. (The parallel term is still neglected 
because it is smaller by ~  5 orders of magnitude.) The solution potential is given as a  function of 
altitude and latitude. The results of the Chiu and Cornwall [1980] model are consistent with the 
several kilovolt potential drops inferred by measurements below auroral inverted V events. Further, 
their modeled latitudinal scale length of 100 km to 200 km (at ionospheric altitudes) agrees well 
with the large scale structure observed in discrete auroral arcs. However, their time-independent, 
collisionless model provides no mechanism by which particles traversing the acceleration region 
can be heated, thus neglecting one important aspect o f auroral observations [Lin and Hoffman, 
1982; Reiff et al., 1988]. This is a weakness of many kinetic models because when time-dependent 
or collisional terms are added to the Vlasov equation, the straight-forward Liouville solution is no 
longer available and one generally must resort to computational techniques.
Unfortunately, the solution of the time-independent Vlasov-Poisson equations obtained by the 
Chiu and Schultz [1978] and Chiu and Cornwall [1980] models depend delicately on exact knowl­
edge of the distribution of the trapped electrons. That is, the potential solution is highly dependent 
on the how the filling of trapped particle trajectories is modeled. Although Evans [1974] provides 
a reasonable model o f particle scattering, it completely ignores the possibility o f particle paths to 
the trapped region due to time-dependent electric and magnetic fields. Because the contribution to 
the odd moments by upward traveling particles in the trapped electron population exactly cancels 
the contribution by downward traveling particles, the difficulty of filling the trapped region can be 
avoided by formulating a model of auroral electrodynamics which depends only on the odd mo­
ments of the distribution function such as current density and energy flux density, instead of the 
even moments such as number density (which is required for the solution o f Poisson’s equation).
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M odels of this type have been developed by Lyons [1980], Kletzing et al. [1996], Dors and Kletzing 
[1998], and will be the subject of Chapter 4. The advantage o f the model presented in this disser­
tation is that it can account for the effects o f suprathermal electrons precipitating in auroral arcs by 
using the energy flux-voltage relationships derived in the next chapter.
Recently, Liemohn and Khazxmov [1998] outlined a prescription to extend the Whipple [1977] 
approach to non-monotonic effective potentials. While their approach does provide a method by 
which the boundaries to the acceleration region can be used to populate the interior o f  the accel­
eration region, the implementation of this model is sure to cause difficulties. The inclusion o f a 
non-monotonic potential introduces multiple trapped regions for which no method exists to popu­
late in the time-independent, collisionless limit. For self-consistent determination o f the potential 
an iteration scheme must be wrapped around their procedure. First, an initial potential structure 
must be assumed. Then, (1) the particle distribution as a function of altitude m ust be calculated 
using their accessibility arguments and (2) using the calculated distribution function the potential as 
a function of altitude can be calculated. This new potential returns to step (1) and repeat until the 
potential relaxes. Unfortunately, there is no guarantee that this iteration process will ever converge. 
The problems with this model help to illustrate just how hard it is to obtain a self-consistent solu­
tion to the Vlasov-Poisson equations. Although this seems to be the most straightforward way to 
approach the auroral acceleration region there are other, easier ways to gain insight.
Lyons [1980] proposed a one dimensional model which provides insight into steady-state, large 
scale electrodynamics of inverted V structures while avoiding the difficulties o f Chiu and Schultz 
[1978] and Chiu and Cornwall [1980]. His model works by imposing current continuity between 
the magnetosphere and the ionosphere. Because no contribution is made to the current density by 
the trapped population, this model can be solved with out its added complication. The parallel
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current flowing from the magnetosphere into the ionosphere is parameterized by the Knight relation 
and this current leaves the ionosphere Pedersen currents parameterized by the empirical model of 
Harel etal. [1977], This model demonstrated that typical magnetospheric convection electric fields 
are capable of driving field-aligned potential structures and field aligned currents o f  magnitude and 
latitudinal extent comparable to observations. Further, his model motivates the existence o f parallel 
electric fields by showing they are necessary for current continuity to be satisfied. The Lyons [1980] 
model also provides a framework to explore the effects of the magnetospheric boundary on the 
electrodynamics of auroral arcs in the steady-state limit.
Lyons [1980] solved for the ionospheric potential as a function o f latitudinal distance for an 
array of typical boundary parameters; density, temperature, and magnetospheric potential. This 
potential solution can be substituted into the expressions for the current density given by Knight 
[1973] and energy flux density given by Lundin and Sandahl [1978] to facilitate a comparison with 
observations, to judge the success of the model. W hen values for the model input parameters were 
chosen to match typical observations, the width and magnitude of current densities, eneigy flux 
densities, and potential drops predicted by his model were comparable to typical observations.
Later efforts by Lyons [1981] used data from the Polar 3 sounding rocket to assist with model 
verification. The electron energy flux and electric field measurements were used to estimate the 
electric potential at the magnetospheric boundary. These measurements also used to put limits on the 
values o f the magnetospheric density and temperature input to the model. Under these constraints, 
Lyons was able to show agreement between the measured electric potential and the model result. 
The magnitude of the predicted current density and energy flux density were with in the range 
of values expected from observations of large scale inverted V structures. Sm aller scale structure 
related to observations of discrete auroral arcs were not reproduced by the model.
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Kletzing et al. [1996] improved this method of model verification in a study which used data 
from the 1987 Greenland sounding rocket campaign. First, they used an improved conductivity 
model. Second, measured electron spectra were fit to accelerated Maxwellian distributions to bet­
ter constrain the estimates on the density and temperature of the magnetospheric boundary. Last, 
measurements of the current density and energy flux density were available for comparison with 
model predictions. They concluded that the model was able to do a reasonable job of reproducing 
measurements.
In the following chapter the effects o f non-thermal magnetospheric particle distributions on 
the electrodynamics of auroral arcs will be explored through a generalization o f the Lyons [1980] 
model. First a model of current to voltage along magnetic field lines above an auroral arc is derived 
using the k  distribution function to parameterize suprathermal magnetospheric boundary conditions. 
Then, current continuity is enforced by closing the magnetospheric current with an ionospheric 
conductivity model. It will be shown that suprathermal electron distributions in the magnetosphere 
can significantly modify the magnitude and spatial extent of energy deposition in auroral ionosphere.
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Moment Equations
In order to gain insight into the auroral inverted V structure, we exploit the collisionless character 
of the magnetospheric plasma and use the steady-state Maxwell-Vlasov equations:
V - E  =  V20  =  -4 n p  =  - 4 i t 5 >  f  (3.1)
U  J
V x f i  =  — / =  —  f  A i ( r i v ) vdv , and (3.2)
c c U  J
V-  VA,i(r, V)  +  - ( e  +  - x B ) - VvAi(?» ?) =  (3-3)\  c /
where r  and v are the coordinates of phase space, E  is the vector electric field, O  is the electrostatic 
potential, p is the charge density, qv is the charge o f species i, A i ^  *s t i^e phase space density of 
species t measured at the X boundary to the system, B is the magnetic field vector, J  is the current 
density, and c is the speed of light. Solving these integro-differential equations in a self-consistent 
manner to yield a closed form solution is rarely possible for a realistic physical problem. Numerical 
techniques also prove difficult to implement because o f the non-local velocity dependence in the 
moments of the distribution function, In this chapter approximations will be introduced
to obtain a solution of the Vlasov equation (Equation 3.3) in the auroral acceleration region, with
34
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non-thermal boundary conditions imposed. After which computation o f the first velocity m oment of 
this solution will be presented to yield the source term for Ampere’s Law (Equation 3.2). Followed 
by computation o f the third moment for use in the auroral electrodynamics model presented in the 
next chapter.
3.1 Auroral particle accessibility
In the auroral zone, there exists an ionospheric and a magnetospheric boundary plasma connected 
by magnetic field lines for which the field magnitude monotonically decreases with increasing alti­
tude. In general there can be an electric potential drop between these boundaries. The solution to 
the Vlasov equation in this region is given by LiouviHe’s theorem. It states that phase space density 
is conserved along the characteristics o f the Vlasov equation. In this case, the characteristics are 
equivalent to the single particle trajectories. The phase space density at any point in the acceleration 
region is therefore uniquely determined by the phase space density at the boundary points. Knowl­
edge o f the characteristics can be used to draw a map which separates phase space into regions 
labeled by the boundaries to which particles in that region connect.
For the purposes o f this derivation the effect o f the gravitational force will be neglected, thus, the 
the particle motion is governed by the Lorentz force. Particle trajectories are given by the constants 
of the motion, which are the total energy and magnetic moment:
+  v j <&(*) , and (3.4)
mivl  t
*  =  (3 '5)
where Vj_ and vm are the particle velocities perpendicular and parallel to the magnetic field, fiinc-
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tional dependence on s parameterizes the field aligned distance from the ionosphere, and m is the 
particle mass. Using the particle trajectory definitions in Equations 3.4 and 3.5, particles can be 
mapped from the magnetospheric and ionospheric boundary plasmas into the acceleration region. 
A particle starting at a boundary designated by ‘BC’ obeys the following conservation laws:
v \\j  +  vL r  +  ~  ^i-.BC +  ^.BC +  ^
^  = vj.BC 
B(s) fl(BC) ‘
Eliminating vj. bc from these equations and solving for vy BC yields:
(3.6)
(3.7)
Vjj.BC -  V\U +  V I J
, fl(BC) 
B(s)
+ ^ [ < P (s ) -< t>(BC)] (3.8)
mi
The region of velocity space which has trajectories that connect from a given auroral boundary to 
altitude s are precisely the regions o f velocity space for which vj| BC >  0. Solutions of Bc  =  ® 
define the boundaries between domains of velocity space that connect to a given boundary of the 
auroral acceleration region.
The total force on the particles can be expressed in terms of an effective potential 'Peff defined by 
t^otai =  -V H W  Under the key assumption that the effective potential monotonicaily increases with 
altitude, the phase space density at any point in the acceleration region consists of a superposition 
of five classes of electrons and three classes of ions, graphically represented in Figure 3-1 [Chiu and 
Schultz, 1978; Whipple, 1977; Kan and Lee, 1981; Berg, 1993]. In this figure electron trajectories 
are labeled by Q , and positive ion trajectories are labeled by (+ ) . The electron classifications 
are: (1) electrons from the magnetospheric boundary; (2) electrons from the ionospheric boundary;
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Lee [1981].
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Figure 3-2: Velocity space map o f (a) ion accessibility and (b) electron accessibility in the auroral 
acceleration region. The regions of velocity space are labeled by the boundary or boundaries to 
which that region connects. ‘M ’ for the magnetospheric boundary, T  for the ionospheric boundary, 
‘S ’ for particles which have precipitated from the magnetosphere and scattered off o f the ionosphere, 
‘T ’ for the region of trapped trajectories which do not connect to either the ionosphere or the mag­
netosphere, and ‘(I)’ for particles in the high energy tail of the ionospheric boundary distribution. 
All potentials are referenced to the magnetospheric potential. V  is the potential at an arbitrary place 
in the acceleration region. V/ denotes the ionospheric potential. Similarly for the magnetic field, 
Bo,B, and, 5/ denote the magnetic field values at the magnetosphere, in the acceleration region, and 
at the ionosphere, respectively. From Chiu and Schultz [1978],
(3) electrons from the magnetospheric boundary which have bounced in the magnetic mirror below 
the measurement and are traveling back to the magnetosphere; (4) electrons from the ionospheric 
boundary which have bounced in the electrostatic mirror above the measurement and are traveling 
back to the ionosphere; and (5) electrons which are trapped between the electrostatic and magnetic 
mirrors. The ion classifications are; (1) ions from the magnetospheric boundary; (2) ions from the 
ionospheric boundary; and (3) ions from the magnetospheric boundary which have bounced in the 
magnetic mirror below the measurement and are traveling back to the magnetosphere.
Chiu and Schultz [1978] used these accessibility arguments to draw a map of velocity space at 
an arbitrary place in the acceleration region for both ions and electrons. This map is reproduced in 
Figure 3-2. The regions of velocity space are labeled by the boundary or boundaries to which that
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region connects. ‘M ’ for the magnetospheric boundary, ‘I’ for the ionospheric boundary, ‘S ’ for 
particles which have precipitated from the magnetosphere and scattered off o f the ionosphere, ‘T  
for the region of trapped trajectories which do not connect to either the ionosphere or the magneto­
sphere, and ‘(I)’ for particles in the high energy tail o f the ionospheric boundary distribution. The 
electron velocity map contains five distinct regions each corresponding to each of the electron tra­
jectory classes described above. The regions are bounded by an ellipse and a hyperbola. The ellipse 
describes the effect o f the electric potential drop on electrons at a given altitude with respect to the 
ionosphere, electrons inside the ellipse do not have enough energy to escape the parallel potential 
drop; they mirror and return to the ionosphere. The hyperbola describes the effect o f the mirror 
force on electrons at that same altitude, electrons above the hyperbola will mirror before reaching 
the ionosphere. Similarly, the ion velocity map contains three regions, each corresponding one o f 
the ion trajectory classifications above. A trapping ellipse which adds two regions for the electrons 
does not exist in this map, because the electric force and the magnetic mirror force act in the same 
direction. All ions with |v||| smaller than the hyperbola will mirror before reaching the ionosphere.
The boundaries of the velocity space regions will vary with altitude because their location is a 
function of the local values of the magnetic field and electric potential. Figure 3-3 contains a  plot 
of what the velocity space map looks like at the magnetospheric and ionospheric boundaries. The 
electron velocity space at the ionospheric boundary contains only three regions, precipitating mag­
netospheric electrons, escaping ionospheric electrons, and trapped ionospheric electrons. The ion 
velocity space at the ionospheric boundary, reduces to two regions. Precipitating magnetospheric 
ions in the half plane with vy >  0 and escaping ionospheric ions with vy <  0. It is important to 
remember that the effects of gravity have been neglected in this treatment. Had gravity been in­
cluded, a trapping ellipse would appear in the ionospheric ion velocity space, similar to what is seen
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Magnetospheric Boundary 








Figure 3-3: Electron and ion velocity space maps for particle accessibility at the magnetospheric and 
ionospheric boundaries. (I) denotes regions connected to the ionosphere and (M) denotes regions 
connected to the magnetosphere, (a) Ion velocity space map at the magnetosphere, (b) Electron 
velocity space map at the magnetosphere, (c) Ion velocity space map at the ionosphere, (d) Electron 
velocity space map at the ionosphere.
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by the ionospheric electron in response to the downward electric force. Electron velocity space is 
also simplified when evaluated at the magnetospheric and ionospheric boundaries. The ionospheric 
boundary consists of three regions, precipitating magnetospheric electrons, escaping ionospheric 
electrons, and ionospheric electrons trapped below the electrostatic mirror. The magnetospheric 
boundary is also reduced to three regions, precipitating magnetospheric electrons, magnetospheric 
electrons which are trapped above the magnetic mirror, and electrons from the ionosphere.
Analysis of the ion trajectory classes explained above yields two populations for the accelera­
tion region; those from the ionosphere and the magnetosphere. Analysis o f the electron trajectory 
classes explained above, yields three populations for the acceleration region; (1) the magnetosphere; 
(2) the ionosphere; and (3) a trapped population. In practice, the ionospheric and magnetospheric 
ion and electron boundary conditions can be easily specified to match in situ measurements, but, 
the specification of a boundary condition which provides the trapped electron distribution function 
is very difficult because the time-independent, collisionless limit provides no mechanism by which 
these characteristics can be populated. In reality, collisions in the ionosphere and time dependent 
changes of the electric and magnetic fields provide a path for the population of this region. However, 
this will not be an issue for the calculations in this chapter because the trapped particle character­
istics do not contribute to the current density and energy flux density. This is because the trapped 
distribution function is an even function, and does not contribute to the odd moments.
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3.2 The Knight Current-Voltage Relationship
To find a relationship between field aligned current and field-aligned potential drop, we calculate 
the first moment of the particle distribution function at an arbitrary point in the acceleration region:
where 7|| is the parallel current density, / ^ t is the particle distribution function for species, i, mapped 
via Liouville’s theorem from each boundary, X, to the location where the current density is being 
calculated, and the integral is over the region o f velocity space, 7t, which contains all of the charac­
teristics that connect to both the magnetosphere and the ionosphere [Knight, 1973; Berg, 1993]. It is 
assumed that any particle traveling along a characteristic from one boundary to another is absorbed 
by the second boundary. These trajectories are the only ones which contribute to the current density 
(and any other odd moment), because they describe the odd part of the distribution function in the 
acceleration region. This region of velocity space includes electron and ion classifications (1) and 
(2) defined above.
Consider the following arguments to reduce the velocity space described by ji and thus simplify 
the integral at hand. Very few magnetospheric ions (ion class 1) have enough thermal energy to 
overcome both the parallel potential drop o f the acceleration region and the magnetic m irror force, 
so they will be neglected. For the purposes of this dissertation the contribution that the ionospheric 
ions (ion class 2) make to the current density will also be neglected because the mobility o f ions is 
smaller than that of electrons by a factor of the square root of the mass ratio and the mean speed 
of electrons is larger than that o f ions by a factor of the square root of the temperature ratio. These 
effects are somewhat reduced by the large density of current carriers in the ionosphere in comparison
(3.9)
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with the magnetosphere. Measurements on the S3-3 satellite show that the ion contribution to 
upward current density is usually an order of magnitude or more smaller than the contributions by 
electrons [Catell et al., 1979]. AH of the following calculations will be performed while neglecting 
the contribution o f ions, therefore, the species subscript will be dropped and all future references to 
density, temperature, and distribution function correspond to the electrons from boundary X.
The remaining characteristics included in the calculation represent magnetospheric electrons on 
trajectories which reach the ionosphere, (electron class 1) and ionospheric electrons which reach 
the magnetosphere, (electron class 2). In terms o f Figure 3-1, this is the region located below the 
hyperbola and outside the ellipse, labeled (M ,S,(lj) and (S,(I)). Knight [1973] considered this prob­
lem under the assumption that the ionospheric and magnetospheric electrons could be represented 
by an isotropic Maxwellian distribution function:
with density, n\, temperature, T\, and the Boltzmann constant, &b. and X =  i,m  for the ionospheric 




[mv2 +  e (0(5) —
2kBTx
M } , (3.11)
Using this, Knight [ 1973] integrated Equation 3.9, his result is given here:
© CD
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where:
(  eA® \  B v - B m (  eA<P Bi \  
g(A , — exp ^  kbJ, j  B_ exp ^  kbT B i_ Bm) '
Ox. *s the electric potential, fl>. >s hie magnitude of the magnetic field, and A. =  i,m  denotes the 
ionospheric and magnetospheric values respectively, B(s) denotes the value o f the magnetic field at 
a point s inside the acceleration region. Equation 3.12 is often referred to as the “Knight Relation”. 
A plot of the absolute value of the Knight Relation current density at the ionospheric boundary 
is given as a function of the parallel potential drop, in log-log format, for many values o f the 
magnetic field ratio B\/Bm in Figure 3-4. The dotted portion of the curves represents current into 
the ionosphere and the solid portion of the curves represents current out of the ionosphere.
An important feature of the Knight Relation is that the functional dependence o f the magnetic 
field enters only through the ratio o f ionospheric to the magnetospheric magnetic field, and the 
functional dependence of the electric potential enters only through the difference between the iono­
spheric and magnetospheric electric potentials. This functional dependence of the current-voltage 
relationship is a statement of particle conservation along the characteristic curves o f the Vlasov 
equation.
The result in Equation 3.12 is composed o f two terms labeled (D and (2). (7) represents the 
current carried into the ionosphere by the ionospheric electrons, and (2) represents current carried 
out o f the ionosphere by magnetospheric electrons. When the field aligned potential drop between 
the magnetosphere and the ionosphere is greater than a  few k%Tm, (2) will provide the dominant 
contribution to the current voltage relationship because it contains a factor o f exp (^AO/Atb Tm). This 
can be clearly seen in Figure 3-4, at a small positive voltage the current density abruptly changes 
direction from ‘into’ to ‘out o f’ the ionosphere, thus signifying the change in dominant current
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Figure 3-4: Current vs. parallel potential drop as given by the Knight Relationship, the absolute 
value of the current density-voltage relationship between the magnetosphere and the ionosphere de­
rived by Knight [1973]. This relationship was derived under the assumption of M axwellian plasmas 
in the magnetosphere and the ionosphere connected by magnetic field lines which monotonically 
decrease in magnitude with altitude. Further, there is a potential drop imposed between the mag­
netospheric and ionospheric boundaries. The only constraint on this potential drop is that it occurs 
over a small altitude range compared to the changing magnetic field. This plot was created for 
nm =  1 cm-3 , n\ =  2000 cm -3 , Tm =  500 eV, and 7j =  0.5 eV. Over-plotted are the results for 
magnetic field ratio, =  3,10,30,100.
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carrier from ionospheric electrons to magnetospheric electrons.
W hen eA4> »  k%Tt the contribution of ionospheric electrons to the current-voltage relationship 
is very small, because very few ionospheric electrons have enough thermal energy to escape from 
such a  potential drop. The work presented in this dissertation is focused towards understanding the 
electrodynamics of auroral inverted V structures, where typical parallel potential drops are between 
a  few hundred volts to a few tens of kilovolts. Thus, neglecting the contribution o f ionospheric 
electrons is usually justified and is assumed for the rest of this chapter. The validity of this approxi­
mation will be accessed in the next chapter.
A region of linear current-voltage relationship can be seen in the outward current region of 
Figure 3-4 (note the portion of the curve with slope =  1, this signifies the linear relationship in this 
log-linear plot). This linear relationship can be algebraically obtained from (2) in the limit that
i «  « j r -  (3.i3)k&T Bm
for which the Knight Relation reduces to a “Kinetic Ohm’s Law”:
(3.14)
where:
<rnmK = _ r = = ^ ----  (3.15)
v 2n/nAg Tm
in which the current is directly proportional to the voltage drop.
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3.3 The Effect of Non-thermal Boundary Conditions
3.3.1 The k  Distribution Function
Due to its mathematical simplicity and theoretical connection to collisional gases in thermodynamic 
equilibrium, the Maxwellian distribution has often been used to characterize the velocity distribu­
tion of space plasmas. However, measurements have shown that the auroral source population often 
contains suprathermal, power law tails not well parameterized by the Maxwellian distribution func­
tions [Vasyliunas, 1968; Christon et al., 1988; Williams et al., 1988]. To better parameterize these 
measured non-thermal velocity distributions, many authors have introduced the k distribution:
where w is the most probable speed of the K function. It has also been used by many authors in 
recent years to characterize non-thermal particle distributions in theoretical calculations [Scudder, 
1992; Pierrard, 1996; Pierrard and Lemaire, 1996; Dors and Kletzing, 1998]. The K distribution 
has the advantage of one more shape parameter than the two of the Maxwellian distribution func­
tion, namely ic. This new degree of freedom can be used to characterize non-thermal distributions 
which exhibit power law tails. The two shape parameters shared by the isotropic Maxwellian and k 
distribution functions are density and kinetic temperature. Density has the expected interpretation 
as the number of particles per unit space volume, and the kinetic temperature is defined by
where n is the density, and E  is the mean particle energy for the distribution function at hand.
(3.16)
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Some useful properties o f the k  distribution are: I) in the limit that k  —> ~  the k  distribution 
smoothly deforms to a Maxwellian; 2) for large velocity, the k  distribution is a power law propor­
tional to v-2(K+I); and 3) the mean energy is given by:
- 3/n/ucw2
£  =  2(2^ 3-y  (3-18)
In the limit o f k the kinetic temperature of the k  distribution is mwr/2. Figure 3-5 contains a 
comparison o f the Maxwellian distribution function with the k  distribution function, for various val­
ues of k ,  while holding density and kinetic temperature constant at 1 cm -3 and 500 eV respectively. 
The ordinate represents particle energy scaled by thermal energy and the abscissa represents log 
phase space density in s3m ~6. A key showing the line-style for each of the four values of K plotted 
is located in the top right o f the Figure. This comparison shows that the phase space density o f the 
k distribution is enhanced the at low and high energies at the expense o f the reduced phase space 
density at intermediate energy. The deviation from the Maxwellian distribution is progressively 
enhanced as k  is decreased.
3.3.2 The k Current-Voltage Relationship
A current density-voltage relationship will now be derived under the assumption that the non- 
thermal properties of the magnetosphere can be parameterized by the k  distribution function. This 
relationship is obtained by evaluating the Equation 3.9. We desire the value of the current density 
at the ionospheric base, to simplify the arithmetic we will set up the integral at the ionospheric 
boundary. Remember, Knight [1973] calculated the current density-voltage relationship at an arbi­
trary altitude, s, in the acceleration region. The result of this section lacks this generality, but, the
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Figure 3-5: Plots o f kappa distribution function for tc =  3,5,10, and 100, and a Maxwellian distri­
bution function. Kth =  500eV and nm =  1 cm-3 for all plotted the distribution functions.
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extra generality is not required for the problem at hand. Furthermore, if necessary, the generality 
can be added in after the integration using the firozen-in flux theorem and conservation of magnetic 
moment. To simplify notation, f £  is defined to be the magnetospheric electron distribution function 
Liouville mapped to location X.
Under the assumptions which have been stated above, expressing Equation 3.9 in cylindrical 
coordinates yields:
4*11 =  —2ne f  Vj ii/^vOr/vi.xr/vi,!, , (3.19)
*/rii
where: e is the electronic charge, rij is the region of ionospheric velocity space which contains all 
of the magnetospheric electron trajectories that reach the ionosphere, and the ‘i’ and ’m ’ subscripts 
are used to denote where each quantity is evaluated. As written, the integral would be performed 
by Liouville mapping the magnetospheric boundary electron distribution function, /£ (v j) to the 
ionosphere and integrating over ionospheric velocities, v*, that is, the region marked (M) in Figure
3-3(d).
Although the prescription just described is the most intuitive way of calculating the current 
density into the ionosphere, it is perhaps not the easiest. As can be seen in Figure 3-3(d), this 
integral must be split into two pieces. One piece to integrate from the from the ellipse to infinity, 
and a second piece to integrate from vj_ to infinity. The integral can be simplified by a change of 
variables. Changing to magnetospheric variables proves to be very helpful [Berg, 1993]. In this 
approach the distribution function does not have to be mapped to the ionosphere, but the limits of 
integration have to be changed. The new limits of integration denote the region of velocity space 
in the magnetosphere which connects to the ionosphere. That is, the region below the hyperbola 
marked (M)in Figure 3-3(b).
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Equations 3.6 and 3.7 define our coordinate transformation. Applying the fact that we are only 
considering electrons from the magnetospheric boundary, we can solve for the ionospheric velocity 
variables in terms of the magnetospheric velocity variables:
=  +  and (3.20)
(K
where:
Cm =  ( - 1  -  1 ) , and (3.22)
Dm = —  (Oi-<Pm) .  (3.23)m
The Jacobian of these transformation equations is:
V|| (i*)J  =  J v - /  . (3.24)
v '^ . i r 'w C m  +  Dm
Thus, the transformed integral is given by:
7£j| =  -2%e /  /  f«(vm) Vm.xVm.H </vm,J.</vnii||.
j  •'rim
Substituting in ./£(vm) from Equation 3.16 and the integration limits ITm from Equation 3.8 gives:
„  _  - 2 KenA --------------- '  '  - (K+"
J; ii —
ic 7”  ( \ r  \
~ J o J o  +  V i . V l l rfvm.X^m,||, (3.25)
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where:
/V l i+D ” j
Vh,pb..x =  v ~ V ~ ’
A ir  —
H k + 1 )
* i r ( K - i ) ’
has been defined such that limK_>00AK =  1. To simplify the notation, the following definitions are 
used:
i
x  =  ^ 4 ,  (3.26)
K W -
y =  ^ 4 ,  and (3.27)
tew2
5  -  - ne_A <EL  . (3.28)
(kw2)J




After integrating over .r.
dy (3.31)
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
53
Integrating with respect to y  yields:
fK - 5
K ( K - l )  V 2 J
( 1 + ^fe) 
( i +1)
- K + l
- 1 (3.32)
Finally, substituting in the values for Cm, and Dm as given by Equations 3.28, 3.22, and 3.23 and 
simplifying yields the current density-voltage relationship for current carried by magnetospheric 
electrons described by a k  distribution function:
—enmwm kAk B\ 
2y/ii ( k  — 1 ) Bm
1 + e (0i ~  0m) (3.33)
As with the Knight [1973] result given in Equation 3.12, the dependence on the magnetic field 
is through the ratio o f the magnetospheric and ionospheric magnetic field and the dependence on 
the electric potential is through the total field aligned potential drop. Further, Equation 3.33 asymp­
totically reduces to the Knight Relation in the limit as k  —► °°.
Figure 3-6 contains a comparison of the current-voltage relationships in Equations 3.12 and 
3.33. The ordinate represents the potential energy gained by an electron falling through the ac­
celeration region scaled by thermal energy and the abscissa represents the log parallel current flux 
density in Am-2 . The density and kinetic temperature of the magnetospheric source plasma are 
chosen to be 1 cm -3 and 500 eV respectively. Five groups of four lines are plotted. Each o f the four 
lines in one group represents the four magnetospheric distribution functions being compared: three 
k  distributions and a  Maxwellian. The key in the upper left part o f the figure shows how line style 
has been used to differentiate these distribution functions. Each o f  the five groups corresponds to 
the current-voltage relationship for a different value o f the magnetospheric to ionospheric magnetic
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Figure 3-6: Current density vs. dimensionless potential drop for the K  current-voltage relationship 
and the Knight Relation for ic =  3,5, and 10, for =  3,10,30, and «>, nm =  1 cm -3 , and Ktj, =  
500eV. A legend showing how line style has been used to represent variations in k  is displayed in 
the top left hand com er of the plot. The magnetic field ratio of each line is shown on the right hand 
side of the plot.
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field ratio and they are labeled with the value of that ratio.
As potential drop is increased from a few volts, the current density slowly increases until Equa­
tion 3.13 is satisfied beginning the linear regime. As the potential drop is increased further, the 
current density reaches a maximum, which will heretofore be called the “saturation current”. Satu­
ration is a manifestation o f the finite rate at which current carriers can enter the top o f  the accelera­
tion region. It is functionally dependent on the density, thermal speed, the magnetic field magnitude 
at the top of the acceleration region. The density describes how many charged particles are available 
to carry current. The thermal speed determines how fast particles can move into the acceleration 
region, replacing particles which were just accelerated away. The magnetic field magnitude deter­
mines the size o f region of velocity space which is connected to the top of the acceleration region. 
Mathematically, the saturation current is reached as the factor in square brackets in Equations 3.12 
and 3.33 asymptotically reaches unity. These factors in square brackets are geometric factors which 
indicate the fraction of particles in the boundary distribution functions which are contributing to the 
current. As the parallel potential drop increases this fraction increases. When the potential drop is 
large enough so that only the electrons in the high energy tails of the boundary distribution function 
are not carrying current, the saturation current is reached. The high energy tails o f the distribu­
tion function do not contribute significantly to the current density because of their relatively low 
density. Saturation is reached more slowly by the k  distribution than the Maxwellian because of 
the comparatively larger density in its high energy tails. The magnitude of the saturation current is 
decreased as k  decreases because the mean velocity of the k distribution similarly decreases with 
k  and J  =  —\en m (v) G (Bj,Bm,<{>;,<t>m,Ktm,m), where G is the geometric factor. The reason for the 
decrease in mean velocity with decreasing k  is that as k  decreases the phase space density of the 
low energy part of the k  distribution function is increased and the low energy part o f the integrand
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of Equation 3.9 contributes little to the integrand because of the v3 factor it contains. A s K  —> °° the 
Maxwellian result (v) =  is obtained. Note that due to the neglect of ionospheric electrons
in this model, the current voltage relationships reported are not valid for potential drops less than 
a few volts. Had these electrons been included a sharp transition to negative current density would 
appear near eAO  =  0.01 E j  in Figure 3-6.
A form of the current-voltage relationship in Equation 3.33 was calculated by Pierrard [1996] 
under the assumption that the magnetospheric source region magnetic field was vanishingly small 
and with the inclusion of the ionospheric electron and ion current carriers. The pertinent difference 
between the Pierrard [1996] results and the current-voltage result presented here are: 1) Pierrard 
[1996] assumes that the form of the precipitating electron population is an unaccelerated k  distribu­
tion below the acceleration region. This approximation can only be true for very small acceleration 
voltages or perhaps when the effects o f collisions in the ionosphere are large, in which case the use 
of the Vlasov equation is not justified. The use of this unaccelerated k  distribution is not consistent 
with direct measurements of precipitating electrons [Amoldy, 1974; Evans, 1974; Lin and Hoffman, 
1979]. 2) Pierrard [1996] neglects the magnetospheric source region’s magnetic field causing a 
large over estimation of the current density for potential drops greater than 10 k&T. The behavior 
of the group of lines labeled with Bx/ B m =  °° in Figure 3-6 is roughly analogous to the behavior of 
the Pierrard [1996] results for large potential drop. It demonstrates that the neglect o f the magnetic 
field magnitude in the auroral source region causes the saturation current effect to be missed. The 
reason for this is demonstrated by considering the conservation of first adiabatic invariant, magnetic 
moment. At the bottom of the acceleration region the magnetic field magnitude is a  known finite 
value. This value determines the cross-sectional area required to carry a unit of current. If  the mag­
netic field vanishes at the source region, then the cross-sectional area which carries unit o f current
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there is infinite. In this case, an infinite number o f particles are carrying the precipitating current 
and the rate at which they enter the top of the acceleration region is irrelevant, the precipitating 
current is then unbounded. We will see that the saturation current-effect is important in the interpre­
tation of the results in the next chapter. 3) Pierrard [1996] includes the contribution by ionospheric 
ions causing a factor of two difference in the current density for parallel voltage drops less than 
a few kBT. 4) Pierrard [1996] uses the k distribution to parameterize the ionospheric boundary 
with the same value of k  as used for the magnetospheric boundary. This may over-accentuates the 
effects of point 3). Given the differences in the physics which dominate the magnetosphere and the 
ionosphere, it is unlikely that the two boundaries will have identical spectral character.
3.3.3 The tc Energy Flux Density-Voltage Relationship
A relation for the parallel energy flux density as a  function of parallel potential drop can be derived 
using the same procedure which was used in the last section to derive a current density to voltage 
relationship, this time calculating the third moment of the auroral boundary distribution functions:
where ey is the parallel energy flux density into the ionosphere. Applying the same particle accessi­
bility arguments as in the previous section and using the same approximations, the parallel energy 
flux into the auroral ionosphere due to precipitating magnetospheric electrons is given by:
(3.34)
(3.35)
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in cylindrical coordinates. Lundin and Sandahl [1978] solved this integral under the assumption 
that precipitating magnetospheric electrons are described by an accelerated Maxwellian distribution 
function. For reference, their result is reproduced here:
Wi) =
nm “ IBn, \y/lnm
—  <t>m)
2 + g (*}>i 0m)
( " £ ) ] exp <
g (<j>i ~  0m)
') i  J
(3.36)
As in the last section, we will assume that the precipitating electrons can be better described 
by the k distribution function and use it to calculate the energy flux density-voltage relationship. 
Again, Equations 3.20, 3.21, and 3.24 can be used to transform this integral to a more convenient 
form:
EUI =mnf~ fQ JQ y" (Dm + V^>,X  +  v^ ,||) /m ( '7m)vm,||Vm,Xi/vm,x t/vmi|| , (3.37)





B .  f vliypb . i
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B t r° °  /■‘tiyph .x ,
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The integral for A  is to within a multiplicative constant the same integral calculated in the previous 
section. Therefore, by comparison we obtain:
A  = -CAnpOv2) 2 / KW2V
4 k ( k —1) V 2 J
(1 + i f e )
( i  + I)
-  1 (3.41)






2 (k w 2) 3 Bm
Now for the calculation of “B and C, in these derivations the following relation will be used many
times:
f,/ v q2k(k -  1) ( 3 . 4 3 )
With Equations 3.16, 3.26, 3.27, and 3.39, we find:
tB =
£ (kvv2)
—  [  f  ( 1 + j c + y )  {K+l)ydxdy  . 
Jo Jo
Using Equation 3.43 to integrate over x:
0  =  -
4 k
ydy
Now integrating over y can be achieved by substituting K —► K — 1 into Equation 3.43, yielding:
0 = -
4 k ( k —  1 ) ( k  — 2 )
( 1 + i f e )
(l + i )
— k + 2
-  1 (3.44)
With Equations 3.16, 3.26, 3.27, and 3.40, we find:
4  Jo Jo
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After integration over x.
C =
C M
4 k ( k -  1 )
- K + l




where C = C t + C 2 + C 2. C\  easily integrates to:
i \  3
c ,  =
^ ( icw2 )
4 k ( k -  1 )  ( k  —  2 )
Ci  becomes:
and once again using Equation 3.43, C 2 is calculated to be:
C i =
4 k ( k - I ) 2( k - 2 ) V ™ ?Cm )  V c j
Summing the results J4, $ , and C yields the energy flux density-voltage relationship when the
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magnetospheric electrons are described by k distribution: The energy flux density-voltage relation­
ship when the magnetospheric electrons are described by K distribution is:
elf ( 4 * )  =
nmmwli ktA kRb
4y/n ( k - 1 ) ( k - 2 ) : +
( k  — 2 )
K— l
- r r K+2(i - / ? b 1)2 i +




n  =  n(w,K,Aa>tfiB) =  i +
ei&>
, and
Similarly to the current-voltage relationships already derived, (3.36) and (3.45) depend on the mag­
netic field through the ratio of the magnetospheric and ionospheric magnetic field and potential drop 
through the total magnetospheric to ionospheric potential drop.
Figure 3-7 contains a comparison o f the energy flux density-voltage relationships in (3.36) and 
(3.45). The ordinate represents the potential energy gained by an electron falling through the ac­
celeration region scaled by thermal energy and the abscissa the log parallel energy flux density in 
Jm -2 s- 1 . As in Figures 3-5 and 3-6 the electron distribution functions magnetospheric boundary 
have a  density and kinetic temperature of 1 cm-3 and 500 eV respectively. Again, the plot contains 
five groups of four lines representing quantities identical to those previously described for the cur­
rent density-voltage results in Figure 3-6. Inclusion o f ionospheric electrons would cause a sharp
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Figure 3-7: Energy flux density vs. scaled parallel potential drop for the K distribution energy flux 
density-voltage relationship, k  =  3,5, and 10, =  3,10,30, and <», nm = 1 cm-3 , and Ka,,m =
500 eV. A legend showing how line style has been used to represent variations in k is displayed in 
the top left hand comer o f the plot. The magnetic field ratio of each line is shown on the right hand 
side of the plot.
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transition to negative energy flux density as the potential drop decreases to a few electron volts.
With the newly derived current density-voltage and energy flux density-voltage relationships in 
hand we can now explore their effects on auroral electrodynamics.
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Chapter 4
Model of Auroral Electrodynamics
In this chapter the current density-voltage and energy flux density-voltage relationships of the last 
chapter will be used to used to formulate a predictive model o f auroral electrodynamics by imposing 
current continuity on an auroral arc. The development will proceed by first, deriving an expression 
for current continuity appropriate for the auroral ionosphere. Then, a description o f the Lyons [1980] 
model o f auroral electrodynamics will be given because of its close relation to the electrodynamics 
model o f this dissertation. Next, the Kappa Electrodynamics M odel (KEM) will be introduced to 
model the effects of non-thermal magnetospheric electrons on the auroral zone. The chapter will 
conclude with a series o f comparisons between the KEM and the Lyons [1980] model.
4.1 Model of Auroral Electrodynamics
For an auroral arc in the pre-midnight auroral oval it is convenient to use a coordinate system in 
which z points along the magnetic field, y points West, and jc closes the right hand coordinate system 
in an approximately Northward direction. Typical current systems associated with such auroral arcs 
are narrow in x (a few hundred kilometers) and very extended in y  [Lin and Hoffman, 1982]. Figure
4-1 shows a cartoon cross section of the auroral current system in the x-z  plane. Magnetospheric 
convection electric fields, predominantly in the x  direction, bound the system at high altitudes.
64
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
fl| l. iu,Paenc P o t e n t
w t
" * * * * »  o * k e n t «f*ons>
' ^ ® n uice
F^ 4 - , ; Cano
on Picture o f  an
aurorai arc. A d a p t e d  f ro iJ 1
B e 'S  [ 1 9 9 3 1
P erm fes io n  o f  th e  c o p  _
a r ig h t owner. Fortha
66
Precipitating electrons carry currents out of the auroral ionosphere. Below the ionosphere in the 
neutral atmosphere the conductivity vanishes. For current continuity to be satisfied, all parallel 
current entering the top of the ionosphere must exit the ionosphere as a Pedersen current in this 
two dimensional model. This statement of current continuity written down mathematically, with 
the assumption that d/dt  =  0 it becomes [Atkinson, 1970; Coroniti and Kennel, 1972; Chiu and 
Cornwall, 1980; Lyons, 1980]:
V - / = ^ - 3 - 3  =  0 (4.1)
ox dy dz
For a two dimensional model of the auroral current system, variations in y  are assumed to be small 
and d/dy = 0. Thus Equation 4.1 can be rewritten as:
l - i  (42)
With magnetospheric electric field in the x  direction, Jx can also be written as:
5(f);
Jx =  o?Ex = - O p - ^  (4.3)
where Op is the Pedersen conductivity, the transport coefficient which describes electrical conductiv­
ity perpendicular to the ambient magnetic field, but parallel to the driving electric field. Substituting 
Equation 4.3 into Equation 4.2 and integrating with respect to z yields:
* < * > - * - - £ ( * £ ) .  <44)
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where quantities with an ‘i’ subscript are measured at the top of the ionosphere, j^\\ will hereto­
fore be used to denote the auroral field aligned current flow, and Zp in Equation 4.4 is the height 
integrated Pedersen conductivity, that is CTp(z) integrated over all altitudes, z, where it is non-zero. 
Equation 4.4 provides the mathematical statement of auroral current continuity which will form the 
basis of the electrodynamic models presented in this chapter. It describes the nature of the driving 
and feedback between the magnetosphere and the ionosphere through the ionospheric conductivity, 
Zp. Specifically, Equation 4.4 states that the current flowing on each auroral field line into the iono­
sphere sees an ionospheric electric field with precisely the correct magnitude to carry that current 
away as a via the Pedersen conductivity.
An expression for the total current flowing in the auroral arc Ad due to electron precipitation can 
be obtained by integration of Equation 4.4 over the entire latitudinal region o f  electron precipitation. 
The result:
h o  =  Ep.edge {E\ — £ 2 ) (4.5)
depends only on the strength of the magnetospheric electric field and the value of the Pedersen 
conductivity at the edges of the precipitation [Lyons, 1980]. A simple consequence of the current 
continuity, this relationship states mathematically that the total precipitating auroral current must 
exit the edge of the auroral arc through Pedersen currents. Equation 4.5 is a function of the Pedersen 
conductivity at the edge of the arc where it is at its background value, not inside the auroral arc where 
the energetic electron precipitation elevates the conductivity above background. This last statement 
contains a few subtleties. First, it is the perpendicular electric field and Pedersen conductivity 
outside the auroral arc which sets the magnitude o f the precipitating current. Second, when the 
size of this current demand is very large, a parallel potential drop must build up in the acceleration
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region to put more magnetospheric particles inside the loss cone where they can contribute to the
current flow. Lastly, the electron precipitation interior to the auroral arc can modify the Pedersen 
conductivity profile, which affects the current flow profile. It is this nonlinear relationship which 
adjusts the ionospheric potential such that the total current flow requirement is met.
The solution of Equation 4.4 requires specification of the functional form o f the auroral current 
flow and the height integrated Pedersen conductivity. In the previous chapter two separate relation­
ships were presented which provide the auroral current flow as a function o f the magnetospheric 
electron distribution, the potential profile in the auroral acceleration region, and the magnetic field 
profile in the auroral acceleration region. These relationships will be used to parameterize the pre­
cipitating current in up coming sections. Specification of the form of the ionospheric Pedersen con­
ductivity is a topic which could fill an entire dissertation by itself. In the interest of making progress 
towards an auroral electrodynamics model, an Pedersen conductivity model from the literature will 
be used here but first a few words about it. Calculation of the ionospheric Pedersen conductivity re­
quires detailed knowledge of the ion-neutral and electron-neutral collision frequencies as a function 
of altitude as well as the ion and electron density as a function of altitude. Generally, the collision 
frequencies are calculated under the assumption of ion, electron, and neutral populations each of 
which can be described by a Maxwellian distribution function of its own density and temperature. 
Such a treatment results in the following expression for Pedersen conductivity:
where V/ is collision frequency between species I =  i,e and neutrals (i for ions and e for electrons), 
Sli is the gyrofrequency o f species I, mi is the mass of species /, n is the plasma density, and
(4.6)
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e is the electronic charge [Kelley, 1989]. To calculate the ion and electron density profiles for 
input into Equation 4.6 many considerations must be made including the effects o f solar UV fluxes, 
bombardment by precipitating auroral electrons, and complicated ion chemistry. Taken together, 
these calculations are very computationally expensive.
With the aim of providing a computationally fast model of Pedersen conductivity Harel et al. 
[1977, 1981] used ionospheric density profiles which have been tabulated by Rees and Jones [1973] 
to form an empirical ionospheric conductivity relationship as a function o f precipitating energy flux. 
He then fit the empirical data to the following form:
I P =  0 .5 + 1 .6  x lO2^ .  (4.7)
Functionally, this model conductivity has two parts, a piece which acts as a constant background 
conductivity and a second piece that varies with the energy flux density ejj dissipated locally in the 
ionosphere. Physically, the background thermal energy flux modifies the background conductivity 
predicted by this model. Although this second piece varies with ionospheric condition, it should 
be pointed out that this coupling is instantaneous in nature, and thus no time dependent effects 
can be analyzed. This model can not provide insight into the small scale structure of ionospheric 
conductivity but can provide a first order parameterization of the large scale behavior below inverted 
V precipitation. The Harel model shows reasonable quantitative agreement with measurements of 
ionospheric Pedersen conductivity [Evans et al., 1977] both inside and outside the region of electron 
precipitation.
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4.1.1 The Lyons [1980] Electrodynamics Model
Lyons [1980] proposed a method for solving Equation 4.4 which involved equating Equations 3.12 
and 4.4 to yield a non-linear, one dimensional, ordinary differential equation for the ionospheric 
potential as a function of x, nm, B\/Bm, <t>m. and (fc:
d 2<t>i _  1
~  M ell)
9 I p  (g ||)  3<t>j 
3xi 3jc;
(4.8)
where j\\ is defined by the portion of the Knight relation carried by magnetospheric electrons (term 
(5)of Equation 3.12), I p(e )  is defined by Equation 4.7, and
— £|| ,<|>m <(>i^
is defined by Equation 3.36. In effect, using the Knight [1973] current-voltage relationship and the 
Lundin and Sandahl [1978] energy flux-voltage relationship, Lyons [1980] eliminated the current 
density and energy flux density from Equation 4.4 leaving a differential equation in the ionospheric 
potential only. This left three parameters to the model magnetospheric density, temperature, and 
potential profile. The density and temperature can be selected to match measurements in the auroral 
source region. The simplest potential condition in the magnetosphere which yields a non-trivial 
result is that of a constant electric field which switches sign at the center of the auroral arc:
(4.9)
where £  is a constant. All that remains is to specify the high and low latitude boundary conditions
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on <(>i- To do this, Lyons [1980] noted that the upward current flowing in an inverted V connects 
to Pedersen currents in the ionosphere and then to return current regions outside the inverted V 
(Figure 4-1). Thus, the parallel current must go to zero somewhere between the precipitation region 
and the return current region, marking the boundary o f the inverted V. However, y’y =  0 is not a 
boundary condition which can be easily used with Equation 4.4. Lyons [1980] noted that the full 
Knight relation predicts that the parallel potential drop takes a very small, but positive, value where 
the parallel current vanishes. However, his neglect of the ionospheric electron contribution makes 
his current-voltage relationship strictly positive leaving no sensible potential boundary condition to 
mark the edge of the inverted V. To remedy this problem, Lyons [1980] made the ad hoc assumption 
that the current density decreased linearly to zero for parallel potential drops less than 30 V. Under 
this assumption, <j>m — <(>i =  0 provides a good approximate boundary condition. Because the current 
density typical at the edge o f the precipitation region is much smaller than typical current densities 
flowing in the interior (Figure 3-6), the error introduced by this approximate boundary value will be 
very small.
In his paper, Lyons [1980] presented a number of model solutions for wide ranges o f  boundary 
conditions. He showed that for typical parameters the model produced potential drops, current 
densities, and energy flux densities o f magnitude and latitudinal width comparable to observations 
of large scale inverted V structures [Frank and Aclcerson, 1971; Lin and Hoffman, 1979; Chapter 
2], For example. Figure 4-2 displays the results for nm =  1 cm-3 , =  500 eV, B i /B m =  10,
and £  =  0.06 mV/m. Four plots are included in Figure 4-2. The ionospheric potential solution 
as a function of transverse distance is shown as a solid line in the top left plot. Also included in 
this plot is the prescribed magnetospheric potential as a dash-dot line. The difference between the 
ionospheric potential solution and the magnetospheric potential is the parallel potential drop, it is
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Figure 4-2: Output from the Lyons [1980] model for a  typical magnetospheric boundary condition of 
nm =  1 cm-3 , Kih,m =  500 eV, B\/Bm =  10, and £  =  0.06 mV/m. Moving from upper left to lower 
right, the first plot contains the ionospheric potential solution (solid), the magnetospheric boundary 
potential is also plotted (dash-dot). The next three plots are the ionospheric to magnetospheric 
potential difference, the current density into the ionosphere, and the energy flux density into the 
ionosphere.
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shown in the top right plot. The parallel current density' is displayed in the bottom left plot, this 
curve is a result of substituting the potential solution into the current voltage relationship. Lastly, 
the parallel energy flux density obtained by substituting the potential solution into the energy flux 
density-voltage relationship of Lundin and Sandahl [1978] is displayed in the bottom right hand 
plot. The 5 kV peak and the 200 km width o f the inverted V structure seen in the parallel potential 
drop plot compares well with observations. The resultant current density also agrees well with the 
measurements o f lijima and Potemra [1978].
For the case o f the magnetospheric boundary conditions given in Equation 4.9, the current den­
sity is peaked at the center of the auroral arc and monotonically decreases towards the edges. The 
distribution o f the parallel current density in x  is a function of the applied magnetospheric boundary 
potential and the ionospheric potential solution. Any ionospheric potential <(>i ( jc )  which is a solution 
of the model must satisfy the total current requirement:
current continuity. Thus, the solution of Equation 4.8 yields the potential <}>i (jt) such that the par­
allel current density /i,||(<()i(x)) is identical to the ionospheric current —Zp£j at every point x  in the 
inverted V.
4.1.2 The k Electrodynamics Model
The electrodynamics model developed in this section is a generalization of the Lyons [1980] model 
described above. Finding a solution of Equation 4.4 is still the goal, but now an understanding
precip.
(4.10)
Further, the ionospheric potential <pi(jc) and its derivative ^  [<(>; (x)] =  E\ must be consistent with
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of the effects of non-thermal magnetospheric electrons on the inverted V structure is also being 
sought. This can be achieved by parameterizing the precipitating current in with the new current 
voltage relationship derived in the previous section. Again a non-linear, one dimensional, ordinary 
differential equation for the ionospheric potential of the same form as Equation 4.8 results, this time 
as a function of x, and the boundary parameters nm, A^ th,m. B j B m, M>, and K. The key difference is 
the characterization of the electron source population. Although more sophisticated models o f the 
Pedersen conductivity now exist, the electrodynamics model presented in this model continues to 
use Harel et al. [1977] model in (4.7). This choice was made to facilitate the clear comparison with 
the Maxwellian results of Lyons [1980]. Although the Harel Pedersen conductivity model shows 
reasonable quantitative agreement with measurements it has a few weaknesses. Its dependence on 
the characteristic energy of the precipitating particles is unsophisticated. The effect o f suprathermal 
tails on the ionization rate of the atmosphere enters only through their contribution to the energy 
flux density and not through the contribution that the spectral shape has to the collision frequency.
As in the Lyons [1980] model, the magnetospheric boundary parameterized through its density, 
kinetic temperature, and potential profile, plus one new parameter k. The k  parameter along with the 
kinetic temperature specifies the spectral shape o f the electron distribution function o f  the auroral 
source region. Like with the Lyons [1980] model, the natural, the high and low latitude boundary 
conditions are that the current density goes to zero at the edges o f the precipitation. Because the 
current-voltage relationship derived in the last chapter for K distributions neglects the contribution 
of magnetospheric electrons, it is positive definite and there is no potential for which the jm  can be 
imposed. The same solution to this problem will be used as was used in the Lyons [1980] model, 
that is, the precipitating current density is prescribed to linearly decrease to zero for potential drops 
less than 30V.
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With specification of the magnetospheric boundary parameters, Equation 4.8 can be solved 
numerically. A general purpose, public domain, ODE solver called COLSYS has been implemented 
to perform this task [Ascher et al., 1981; Ascher, 1986]. To confirm that the differential equation 
(Equation 4.8) has been properly coded into the solver, the ic model results in the large ic lim it were 
compared with with the Lyons model results. A second ODE solver using the “shooting method” 
was also implemented to confirm results for finite k .
4.2 Comparison of KEM and Lyons [1980]
To illustrate the differences between the two electrodynamics models presented thus far, both mod­
els are solved the ionospheric potential, current density, and energy flux density and are compared 
for the simple boundary conditions of Equation 4.9. The new model will hereafter be referred to as 
the Kappa Electrodynamics Model (KEM). Because there is one more free parameter in the KEM 
than in the Lyons model, namely k, and this parameter has a complicated interrelation with the ki­
netic temperature and density, three comparisons will be presented to elucidate the the differences 
and thus the effects of suprathermal tails on the electrodynamics o f auroral arcs. First, model results 
will be compared for the case where two models use the density and kinetic temperature and the k  
parameter is varied. Then, a comparison will be made to illustrate the effect of varying the spectral 
shape of the electron distribution in the auroral source region on auroral electrodynamics. Followed 
by a comparison looks at the effects of varying the spectral shape o f  the electron distribution while 
keeping density constant. Then a comparison is given which illustrates how different boundary con­
ditions can produce very similar potential solutions but very different current density and energy 
flux density profiles. A final comparison is given to demonstrate that the neglect o f  ionospheric
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electrons from the current voltage relationship is justified.
4.2.1 Constant Kinetic Temperature and Density
A natural method of comparing the Lyons model with the KEM is to solve the two models such 
that the distribution functions at the magnetospheric boundary have the same density and kinetic 
temperature while independently varying k . Figure 4-3 shows the results for nm =  1 cm-3 , Kth,m =  
500 eV. The value tc =  5 has been used for the KEM solution.
These results are presented in a standard format with four panels that will be repeated in up 
coming results sections. The top left panel contains the ionospheric potential solution as a function 
of x, the perpendicular distance across the arc. Included in this plot is the magnetospheric bound­
ary potential, appearing as a dash-dot line. The top right panel contains the parallel potential drop 
versus x. This output is obtained by subtracting the magnetospheric boundary potential from the 
ionospheric potential solution. The bottom left panel contains the current density versus x  as ob­
tained from Equation 3.33 or 3.12 for the KEM or Lyons model results respectively. The bottom 
right panel contains a plot of the energy flux density versus x, obtained from Equation 3.45 or 3.36 
for the KEM or Lyons model results respectively. In each plot, the Lyons model results appear as a 
solid lines and the KEM solutions appear as dashed lines.
Figure 4-3 shows that the width of the ionospheric potential predicted by KEM is ~5%  wider 
than the Lyons result. Corresponding increases are seen in the parallel potential drop, current den­
sity, and energy flux density. The ionospheric potential and energy flux density produced by KEM 
are globally larger than their Lyons model counterparts while the KEM current density is smaller 
at the center of the inverted V and larger on the edges. The differences between the two model 
solutions in Figure 4-3 can be understood in terms of the differences between the current voltage
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Figure 4-3: Results of the KEM model, the ionospheric to magnetospheric magnetic field ratio 
(#*-) has been chosen as 10, the kinetic temperature of the magnetospheric source population is 
500 eV and the density is 1 cm-3 . Moving from upper left to lower right, the first plot contains 
the ionospheric solution for the Lyons model (solid) and the KEM (dashed), the magnetospheric 
boundary potential is also plotted (dash-dot) for £ t =  —0.06, and £> =  0.06. The next three plots 
are the ionospheric to magnetospheric potential difference, the current density into the ionosphere, 
and the energy flux density into the ionosphere. In the last three plots, the solid line represents the 
Lyons model results, and the dashed line represents the KEM results for K =  5.
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relationships used by the two electrodynamics models (See Figure 3-6. In the linear current regime 
(Equation 3.13 is satisfied), when k  =  5 and B\/Bm =  10, the current-voltage relationships for the 
Maxwellian and K distribution functions are nearly indistinguishable. However, at the onset o f sat­
uration the relationships become different. As described in the previous chapter, saturation for the 
k  distribution occurs for a  larger parallel potential drop than for a Maxwellian distribution, and the 
saturation current is reached more slowly. Thus, the KEM solution requires a  larger potential drop 
to increase the differential current flowing at each latitudinal location. This however is not enough, 
because the magnitude of the saturation current is smaller for the kappa distribution, the width of 
the inverted V region must also be increased to meet the Ad requirement. For the same total cur­
rent requirement the KEM results will yield wider current density structures and larger magnitude 
potential drops.
At each point in x , the individual potential solutions are required to satisfy the total current 
flow requirement of Equation 4.5. Because the energy flux density-voltage relationships in the two 
models differ, the values of I P at the edge of the inverted V differ slightly. This can be clearly 
seen though the form of the energy flux dependence in Equation 4.7, now note the difference in the 
energy fluxes at the edge of its plot in Figure 4-3. Because £p,edge is larger for the KEM solution, 
Ad is also larger for KEM. This can be verified by integrating the parallel current density solution. 
In this case the value o f Ad is about only 3% larger for the KEM  results. This effect will also widen 
the region of precipitation, but given the small difference between the two values o f /2D in this case, 
its effect is small.
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4.2.2 Addition of a Suprathermal Tail
The simple comparison presented in the last section did not take full advantage of the k  distribution’s 
ability to model a non-Maxwell ian boundary function. By relaxing the requirement that the kinetic 
temperature and density of the compared distribution functions be equal, a comparison which illus­
trates the effects a boundary condition composed o f a Maxwellian distribution with a suprathermal 
tail added on at high energy can be easily constructed. This type o f boundary condition helps to 
illustrate the errors which are introduced by fitting a Maxwellian distribution to non-Maxwellian 
data. Because of the low and high energy properties o f the ic distribution, this method models the 
low energies as a Maxwellian and the high energies as a  power-law. The procedure is to pick the 
shape parameters of the k  function (density, kinetic temperature, and k ) such that for eA<P <  Kth.m 
it has same phase space density as does the Maxwellian to which it is being compared. Figure 
4-4 displays four k  distributions with varying tail size chosen in this manner. For eA(P <  Kth,m 
the distributions are identical. As k  is decreased, the tail becomes more prominent and the den­
sity and kinetic temperature must be increased to meet the requirement on E < K ^ m. Figure 4-5 
presents the KEM results for a magnetospheric boundary condition described by a k distribution 
o f k =  5, nm — 1.3 cm -3 , and AT,),,™ =  805 eV and a Maxwellian distribution of nm =  1 cm -3 and 
ATth,m =  500 eV. These two boundary distribution functions are represented in Figure 4-4 by the 
dashed and solid lines respectively. The Maxwellian reference result are the same results as the 
represented solid lines seen in previous comparison with constant density and kinetic temperature 
presented in the last section. The KEM results for the ionospheric potential solution, parallel cur­
rent density, and parallel energy flux density are globally larger than their Lyons model counterparts. 
The peak value of the current density and energy flux density is nearly doubled and the width of
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Figure 4-4: Plots o f kappa distribution function for tc =  3, Kth,m =  1215 eV, nm =  1.54 cm -3 ; 
K =  5, Kih,m =  805 eV, nm = 1.30 cm-3 ; K =  10, AT,h.m =  625 eV, nm = 1 .1 4  cm-3 ; K =  100, 
A'th.m =  510 eV, nm =  1.01 c m '3; and a Maxwellian of A'th.m =  500 eV, nm =  I cm -3 . The values 
of the moments have been selected such that the first thermal energy of the plotted distribution 
functions coincide.
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Figure 4-5: Results of the KEM model for a distribution which is Maxwellian at low energy and 
power-law at high energy compared to the Lyons model results. The ionospheric to magnetospheric 
magnetic field ratio has been chosen as 10. The boundary kinetic temperature and density are 
500 eV and 1 cm -3 respectively for the Lyons results and 805 eV and 1.3 cm-3 for the KEM 
results. From upper left to lower right, the first plot contains the ionospheric solution for the Lyons 
model (solid) and the KEM (dashed), the magnetospheric boundary potential is also plotted (dash- 
dot) for “Ei = —0.06, and £ 2  =  0.06. The next three plots are the ionospheric to magnetospheric 
potential difference, the current density into the ionosphere, and the energy flux density into the 
ionosphere. In the last three plots, the solid line represents the Lyons model results, and the dashed 
line represents the KEM results for K =  5.
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the ionospheric potential, current density, and energy flux density have increased by 20-30%. The 
reason for this modification is two-fold. First, the saturation current level has been increased for the 
KEM solution. As mentioned above, the saturation current is related to the rate at which charges 
enter the top of the acceleration region. All three shape parameters of the k distribution affect this 
rate. The factor in front of the square brackets in the current voltage relationship gives the exact 
dependence of the saturation current,
As k  —► oo the k  part of this relation tends to 1. Taken all together the saturation current is increased 
by 70%. The increase of the saturation current allows the KEM solution to put more current density 
at the center of the inverted V than is allowed by the Lyons model. This extra current density is 
carried by both the increased density and thermal speed o f the k distribution.
The second reason for the enhanced precipitation seen in the KEM solution is that the total 
current requirement /id  have been greatly enhanced in the KEM solution. The precipitating energy 
flux plays a role in setting Ad through Ep.edge (Equation 4.7). Figure 4-5 shows the precipitating 
energy flux at the edge of the inverted V is 2.5 times larger in the KEM results than the Lyons 
results. The enhancement of the energy flux is tied to the shape parameters o f the magnetospheric
where
n * + i )
K § n ( K :- i ) '
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electron distribution just like for the current density, the proportionality is
3
£|| x  rim' Tm •
/ 2 k  — 3  K  ^  
\  2 k  k  —  1 /
This translates to a larger Ijd by factor o f 1.6 and a current density profile which is globally en­
hanced.
The spectral shape o f the boundary distribution function has a complicated dependence on both 
kinetic temperature and k . Differences in the boundary distribution functions which significantly 
change the integrand o f the current moment dominate the physics. Because of the v dependence 
of the integrand, differences between the distribution function at low energies are not weighted 
very strongly, yet f'c m rapidly goes to zero for large velocity, and the differential contribution to the 
current moment for very large velocities is also small. It is the intermediate energy range which most 
strongly affects the current moment. The two distribution functions in the comparison presented in 
this section have a relatively large separation at intermediate energies. This accounts for the 25% 
increase in peak current the current density. The integrand of the energy flux density is o f the 
form v3/g m, so it is weighted towards higher energies even more strongly than the current density 
integrand. The difference between the distribution the two distribution functions compared in this 
section increases with energy, thus the energy flux density will be increased even more than the 
current density. A 50% increase is seen in the peak parallel energy flux.
4.2.3 Changing the spectral shape
There are three factors which differentiate the compared solutions from each o ther the electron 
density o f the magnetospheric boundary, the electron kinetic temperature of the magnetospheric
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boundary, and the spectral shape of the electron distribution at the magnetospheric boundary, it is 
difficult to separate the individual contribution of each of these factors. In the current section the 
spectral shape of the low energy part o f the distribution has been held constant in order to examine 
the effect of suprathermal tails. Unfortunately, this has required the simultaneous modification o f 
all three parameters which describe the electron boundary condition. In order to better separate the 
individual contribution o f each boundary parameter the same comparison will be repeated, except 
this time holding density constant. Thus, the low energy part o f the distribution will have the same 
asymptotic temperature as before. However, now the effect o f the spectral shape o f the distribu­
tion will be examined through the two spectral parameters of the k distribution, namely kinetic 
temperature and k .
Figure 4-6 displays the reference Maxwellian distribution with nm = 1 cm -3 and £th,m =  500 eV; 
the k  distribution chosen using the procedure at the beginning o f this section such that the low energy 
core of the distribution function matches the Maxwellian (nm =  1.30 cm-3 and /fth,m =  805 eV); 
and the k  distribution with number density and low energy asymptotic kinetic temperature equal to 
the Maxwellian distribution (nm =  1 cm -3 and Kih.m =  805 eV). The model results for the three 
boundary distribution functions represented by the dotted, dashed and solid respectively lines in 
Figure 4-6 are shown in Figure 4-7 using the same line style. Again, the Maxwellian reference 
result is represented by the solid lines as seen in previous results for constant density and kinetic 
temperature presented in Figure 4-3. From the results it is seen that reducing the density has had 
some very interesting effects. First, the energy flux density profile has changed only slightly with the 
most notable change at the edge of the inverted V. This will act to lower the total current requirement 
a little. The ionospheric potential solution appears to have nearly split the difference between the 
standard Lyons model result and the result from the beginning o f this section. The most striking
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Figure 4-6: Distribution functions of varying spectral shape including a k  distribution with k  =  5, 
Kth.m =  805 eV, nm =  1.30 cm-3 (dashed line); a ic distribution withic =  5, Afth,m =  805 eV, nm =  
1 cm-3 (dotted line); and a Maxwellian of K{h,m =  500 eV, nm =  1 cm -3 (solid line). The moments 
of the k distribution displayed with a dashed line were chosen such that it has the same phase space 
density as the reference Maxwellian at low energies. The moments o f the k  distributions displayed 
with a dotted line were chosen such that the density and low energy asymptotic kinetic temperature 
were the same as the reference Maxwellian.
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Figure 4-7: Results o f the KEM using a magnetospheric electron boundary which Maxwellian-like 
at low energy and power-law like at high energy. The ionospheric to magnetospheric magnetic 
field ratio has been chosen as 10. The boundary kinetic temperature and density are 500 eV and 
I cm -3 respectively for the Lyons results and 805 eV  and 1.3 cm -3 and 1 cm -3 for the KEM 
results. From upper left to lower right, the first plot contains the ionospheric solution for the Lyons 
model (solid) and the KEM (dashed), the magnetospheric boundary potential is also plotted (dash- 
dot) for Ei =  -0 .0 6 , and £> =  0 06. The next three plots are the ionospheric to magnetospheric 
potential difference, the current density into the ionosphere, and the energy flux density into the 
ionosphere. In the last three plots, the solid line represents the Lyons model results, and the dashed 
line represents the KEM  results for K =  5.
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result of all is seen in the current density profile. Although it has reduced in magnitude for the entire 
latitude range, its width has actually increased slightly, as result of the fact that the saturation current 
has reduced faster than the total current requirement. This is where the affect o f the spectral shape of 
the magnetospheric boundary can be seen most clearly. Physically, this effect is a result stemming 
from the fact that phase space density is shifted to the high energy portion o f the distribution function 
where it doesn’t contribute as much to the current density integral, thus a wider region of space must 
be used to satisfy the total current requirement.
4.2.4 Degenerate Potential Solutions
Here a set of comparisons presented in which three different distribution functions that produce 
almost identical potential solutions. The goal is to illustrate the wide range o f parameters which 
produce the same ionospheric potential. A plot of these distribution functions is shown in Figure 4-8. 
The solid line represents the Maxwellian distribution with nm =  1 cm-3 and K^m  =  500 eV, which 
has been used as a baseline throughout all comparisons. The dotted line is a  k  distribution with 
a very pronounced suprathermal tail ( k  =  3) with the same kinetic temperature as the Maxwellian 
but an enhanced density (nm =  1.25 cm -3 ). The increased density globally raises the phase space 
density of this distribution function. The dashed line is a  k  distribution with a very pronounced 
suprathermal tail (k =  3) with the same density as the Maxwellian but a reduced kinetic temperature 
(Kth,m =  380 eV). This comparison accentuates the departure from the Maxwellian distribution at 
intermediate energies. The model solutions for these three distribution functions can be seen in 
Figure 4-9. Although the potential solutions are very similar, the parallel current density and energy 
flux density are not. For the increased density case (dotted line) the current density and the energy 
flux density is globally increased above the Lyons model result. A combination of both the increase
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Figure 4-8: Distribution functions which yield the same potential profile with the KEM. Including a 
k  distribution of K =  3, K,h,m =  500 eV, nm =  1.25 c m '3, a k  distribution of k  =  3, K^m  =  380 eV, 
nm =  1 cm -3 ; and a Maxwellian of Afth,m =  500 eV, =  1 cm -3 .
in magnetospheric density and decrease in k  causes an increase in the background energy flux as 
observed in Figure 4-9. This in turn causes an increase in the total current flow requirement These 
same changes in density and k  cause allow more current to flow for a given potential drop. For 
KEM solution to meet the increased total current flow requirem ent the current density profile is 
increased. It turns out in this case that this the current density increase by the change in density and 
K  is just enough so that the potential can remain unchanged.
As for the decreased temperature case (dashed line), the current density width is unchanged 
while the peak current density is reduced and the energy flux density shows a  very small global 
reduction. This reduction is enough to slightly modify the total current flow requirement. Because 
the reduction temperature also reduces the saturation current, the peak current density is reduced to 
meet this requirement. In this case it turns out that the decrease in saturation current is enough to
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Figure 4-9: Results of the KEM model which yield nearly the same potential solution. The bound­
ary used are those which are displayed in Figure 4-8 Moving from upper left to lower right, the 
first plot contains the ionospheric solution for the Lyons model (solid) and the KEM  (dashed), the 
magnetospheric boundary potential is also plotted (dash-dot) f o r , for =  10 and 'Ey =  —0.06. The 
next three plots are the ionospheric to magnetospheric potential difference, the current density into 
the ionosphere, and the energy flux density into the ionosphere.
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reduce the total current flow enough so that the potential need not be modified.
The important result of this comparison is that depending on the spectral form of the magneto­
spheric boundary condition, essentially the same potential profile can result in energy flux density 
structures varying by a factor o f two in magnitude and by 20% in width. This suggests that, in 
addition to knowledge of the potential structure, knowledge of the spectral form of the precipitat­
ing electrons in inverted V structures is required to specify correctly the electrodynamics o f auroral 
arcs.
4.2.5 Effects of Ionospheric Electrons
In order to test the validity of neglecting the effects of ionospheric ions in all o f the previous results, 
model solution from the reference Maxwellian will be compared while neglecting and including an 
ionospheric electron source of ^th,m =  3 eV, nm =  1000 cm-3 . Previously, an ad hoc modification to 
the current-voltage relationship was motivated to facilitate the specification of boundary conditions 
for the electrodynamics model. This modification linearly decreased the parallel current density to 
zero below 30 V parallel potential drop. When the ionospheric electrons are included in the model 
this modification is no longer required because the current density naturally goes to zero for at a 
small potential drop (see Figure 3-4). A root finding algorithm has been introduced to find the 
parallel potential drop for which y'i,[[ (^ f) =  0 is satisfied and this potential is used to specify the zero 
current boundary condition.
Up to now the current density results have been displayed using the same format as Lyons 
[1980]. His format only include the small potential drop modification to the current density in his 
computer model, not in his plots. For this reason the current density plots up to now are seen to 
decrease to a small finite value at the edge of the inverted V. In order to do a  proper comparison
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showing the effects of ionospheric electrons, Lyons’ plot convention can be used no longer. Now 
the cunent density is seen to steeply decrease to zero at the edge of the inverted V.
Figure 4-10 shows the results of this comparison. The ionospheric potential, current density, and 
energy flux density all show negligible differences. The value of the parallel potential drop used to 
impose the zero current boundary condition can be seen in the parallel potential drop results. The 
relatively high value used for the temperature of the ionospheric electrons gives an upper limit on 
the ionospheric electron effects. Although the ionospheric electrons are not important for this model 
based on current continuity, they surely play an important role in the determination of the auroral 
potential profile, which is not addressed by this dissertation.
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Figure 4-10: Evaluation o f the effect of neglecting ionospheric electrons in the current density- 
voltage and energy flux density-voltage relationships derived earlier. Contained are the model re­
sults for a Maxwellian distribution with of Kth,m =  500 eV, nm =  1 cm-3 neglecting the ionospheric 
electrons (solid) and including the ionospheric electrons as for Afth,m =  3 eV, nm =  1000 cm-3 
(dashed). =  10 and Ej =  —0.06.
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“ Will Man ever decipher the characters which the aurora borealis draws in 
fire in the sky? Will his eye ever penetrate the mysteries o f  Creation which 
are hidden behind his dazzling drapery o f colour and light? But neverthe­
less the student toils yard by yard along the fatiguing road o f  research in 
the hope — maybe vainly — o f  some day reaching the much-coveted goal.”
Sophus Tromholt
Danish Meteorological Year, 1882
Chapter 5
Summary and Conclusions
The Maxwellian distribution is often used to characterize space plasmas in experimental and theoret­
ical studies. Measurements throughout the past four decades have shown that many space plasmas 
contain suprathermal power-law tails. The ic distribution provides a convenient form to parameter­
ize such distributions both experimentally and theoretically. Its chief advantages are: (1) It has a 
compact algebraic form which can be easily manipulated in calculations. (2) In the lim it of large k, 
the kappa distribution reverts to a Maxwellian. This property allows easy comparisons with other 
theories based on Maxwellians. (3) It has power-law dependence for large particle velocities.
The collisionless plasma of the auroral acceleration region was treated using the Vlasov-Poisson 
system of equations. A Liouville mapping procedure was outlined by which magnetospheric elec­
trons characterized by the k distribution were used to specify the electron distribution throughout 
the auroral acceleration region. Expressions for the field aligned current density versus parallel po­
tential drop and the field aligned energy flux density versus parallel potential drop in auroral arcs 
were calculated by computing moments of this mapped distribution function. The results were com-
93
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pared to previous work by Knight [1973] and Lundin and Sandahl [1978] respectively. Results show 
that the saturation current flowing in an auroral inverted V is reduced as the non-thermal effects are 
increased (k  parameter is decreased). For a moderate value of K =  5 for small potential drop energy 
flux density is increased by ~  5%, for typical peak inverted V potential drops the there is a  very 
slight reduction in the energy flux.
By imposing current continuity on auroral field lines, the current-voltage relationship can be 
coupled to a model of ionospheric conductivity to provide a predictive model of auroral arcs sim­
ilar to the model o f Lyons [ 1980], The significance of the Kappa Electrodynamics M odel (KEM) 
presented in this dissertation lies in its ability to parameterize the electron distribution in magne­
tospheric boundary more accurately than previous models by using the ic distribution. Results for 
KEM were compared with the Maxwellian based (equivalently, the k  =  <» based) results o f  Lyons. 
It was found that when boundary distributions were chosen such that the density and kinetic tem­
perature were held constant and the value of k was allowed to vary only small deviations in model 
results were produced.
Results indicate that suprathermal tails can have an important effect on the electrodynamics of 
the auroral acceleration region. Various cases have been presented, when a k distribution is con­
structed to look like a Maxwellian distribution with a power-law suprathermal tail added on to it, 
the energy flux density into the ionosphere is double that of the Maxwellian alone and the width 
precipitation is increased by 20-30%. Such a change in the energy flux density can have significant 
effects on both the optical nature of the auroral arc and the ionization profile caused by the precip­
itation. This comparison was repeated while holding the density of the magnetospheric electrons 
constant, effectively enhancing the population of the high energy tail o f the boundary distribution 
in expense o f the low energy core. This results in nearly the same energy flux enhancement as seen
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
95
in the last comparison which allowed the density to be increased. This shows that the spectral shape 
of the boundary distribution function is just as important as the particle density when it comes to 
putting energy into the ionosphere.
The results presented suggest that the form of the Pedersen conductivity plays a significant role 
in the determination of inverted V structure. The total precipitating current is determined by the 
background conductivity at the edge of the inverted V. Inside the inverted V, the shape o f the iono­
spheric potential and thus the current density, precipitating energy flux, and Pedersen conductivity 
are determined by simultaneously satisfying the total current requirement and current continuity.
5.1 Future Work
Recent work by Calvert [1998] criticizes use of the Knight Relation in the auroral magnetosphere 
because, (1) that it over-estimates observed auroral current densities and energy flux densities, and 
(2) it doesn’t take in account the possibility of empty source cone distributions in the magnetosphere. 
A proper study of point (2) will modify the current-voltage relationships derived in this in this dis­
sertation. By modifying the limits of integration the effect o f empty source cone distributions could 
be included in the determination of both the current-voltage and energy flux-voltage relationships 
of the acceleration region. It is expected that the inclusion o f source cones in the current-voltage 
relationship will greatly affect the saturation current. The author believes that such a modification 
would modify the model results by flattening the top of the parallel potential drop, current density, 
and energy flux density curves. Such a modification would bring model results more in line with 
observations of inverted V structures.
The primary goal of this dissertation was to study the effects which suprathermal electrons in
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the magnetosphere have on auroral electrodynamics. In this pursuit, a model to describe the iono­
spheric Pedersen conductivity as a function of precipitating energy flux was adopted. The effects 
o f suprathermal electrons were modeled by the way in which they modified the precipitating en­
ergy flux. This approximation simplistically accounts for the effects that the spectral shape of the 
precipitating electrons have on the ionospheric plasma density. The Pedersen conductivity depends 
strongly on plasma density. A more rigorous approach would require that the collisional cross- 
sections of the suprathermal electrons with all ionospheric constituents be recalculated. This would 
allow the plasma density modification to be known more exactly. The result of this difficult calcula­
tion is expected to show further enhancements in the Pedersen conductivities beneath precipitation. 
Such enhancements would lead to a narrowing of inverted V structures.
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